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Abstract
Feynman diagrams have been superseded as the tool of choice for calcu-
lating scattering amplitudes. Various other methods are not only more
efficient but also explicitly exhibit beautiful structures obscured by Feyn-
man diagrams. This thesis aims to lay some groundwork on how two of
these methods, ambitwistor strings and the double copy, can be gener-
alised to scattering in curved backgrounds.
In the first part of this thesis, a heterotic ambitwistor string model coupled
to a non-abelian background gauge field is constructed. It is shown that
after decoupling gravity this model is anomaly free if and only if the
background field is a solution to the Yang-Mills equations. A fixed gluon
vertex operator for the aforementioned heterotic model as well as a vertex
operator encoding graviton, B-field and dilaton for type II ambitwistor
strings in a curved background are presented. It is shown that they are
BRST closed if and only if they correspond to physical on-shell states.
In the second part, sandwich plane waves are considered. It is shown that
scattering of gluons and gravitons is well defined on these backgrounds.
3-point amplitudes are calculated using quantum field theory techniques
and a double copy relation between gluons on a gauge theory plane wave
and gravitons on a gravitational plane wave is proposed. Using the results
from the first part of this thesis, it is then shown that curved background
heterotic and type II ambitwistor string models correctly reproduce these
3-point amplitudes on sandwich plane waves.
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Chapter 1
Introduction
Physics has seen two major revolutions in the twentieth century: General relativity,
linking gravity directly to the inseparable notion of spacetime and describing the
universe on its largest scales, and quantum theory, fundamentally changing our un-
derstanding of the nature of elementary particles that make up matter on its smallest
scales.
From the mathematical point of view, the proper tool to formulate general rela-
tivity is differential geometry. It provides a very clear and precise understanding of
the theory. This geometric formulation of gravity is widely considered to be the most
elegant physical theory known today. In more practical terms, general relativity has
been incredibly successful, both explaining and predicting physical effects that are
incompatible with Newton’s theory of gravity. This ranges from the early tests using
the perihelion advance of mercury and bending of light rays by the sun to the recent
experimental discovery of gravitational waves. Its results even need to be taken into
account in the ubiquitous satellite navigation systems like GPS.
Quantum theory, in particular in the guise of (perturbative) quantum field theory,
can boast of similar successes when it comes to predicting the behaviour of physical
systems. The anomalous magnetic dipole moment of the electron can be predicted by
QED and measured very precisely. This yields the most accurate agreement between
theoretical prediction and experimental results known in physics. In fact, the entire
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standard model is a quantum field theory. Furthermore quantum field theory has
spread beyond elementary particle physics and is also used in fields like condensed
matter theory or topology. While many of the initial problems of quantum field
theory have been resolved, most notably via the systematic treatment of infinities by
renormalisation, it still lacks a precise mathematical formulation. This clearly shows
that there is a considerable amount of work to be done to reach a similar level of
conceptual clarity as in general relativity.
Even from the perspective of physics, there have been recent developments in
quantum field theory that are entirely unexpected from the standard perturbative
point of view and require us to search for a more thorough understanding of the
underlying theory. These include supersymmetric localisation, the existence of inte-
grable quantum field theories, quantum field theories without Lagrangian formulation
and dualities like the famous AdS/CFT correspondence.
Another development indicating that our understanding of quantum field theory is
still rather incomplete has taken place in the theory of scattering amplitudes, objects
firmly in the realm of perturbative QFT. These are the main physical observables
considered in quantum field theory. Particle physics experiments like the LHC es-
sentially measure these quantities and compare them to predictions from theoretical
models.
The standard method to calculate the S-matrix is to evaluate Feynman diagrams
order by order in perturbation theory. This yields results in good agreement with
experiments, however calculations tend to get out of hand quickly when increasing
the number of loops or external particles. Furthermore, the final answers are often
much simpler and more elegant than one would expect from looking at the individual
contribution of each Feynman diagram. This is illustrated nicely by the famous Parke-
Taylor formula for the tree level, colour ordered, maximally helicity violating n-gluon
2
amplitude. Using the spinor helicity formalism1 and stripping off the momentum
conservation delta functions, the amplitude is simply
A[1−, 2−, 3+, ..., n+] =
〈12〉4
〈12〉...〈n1〉 (1.1)
and this equation holds for all n ≥ 3. From the point of view of Feynman diagrams,
the existence of such a formula is a miracle: The number of diagrams contributing
to the tree level n-gluon amplitude grows fast [5] and already exceeds 100 for n = 7.
The Parke-Taylor amplitude was initially conjectured in [6] and its proof two years
later used recursion relations instead of Feynman diagrams [7]. Amplitudes with
unexpectedly simple structure like equation (1.1) led physicists to believe that there
ought to be more direct ways to arrive at these results than the standard diagram
expansions, like the off-shell recursions used to prove the Parke-Taylor formula. This
resulted in the development of various new methods to calculate scattering amplitudes
over the past years, a recent review of (some of) these can be found in [5].
One of these methods is known as the double copy, often heuristically written
as gravity = (gauge theory)2, which essentially means that a gravity amplitude can
be obtained from the product of two gauge theory amplitudes (all stripped of their
respective momentum conserving delta functions and coupling constants). The first
relation of this kind was discovered with the help of string theory, where it was
found that closed string tree amplitudes can be obtained from summing over certain
products of two open string tree amplitudes and kinematic coefficients [8]. In the
α′ → 0 limit, where these tree level string amplitudes with massless external states
turn into regular tree amplitudes for massless particles, this turns into an analogous
statement about graviton and colour ordered gluon amplitudes. This is known as
KLT relations. While they follow the general theme of the double copy, they are not
1This formalism makes use of the fact that the momentum of a massless particle can be de-
composed into two-component spinors and makes manifest that amplitudes of massless particles
transform under little group representations determined by the external states. An introduction to
this formalism can be found in [5].
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honest squaring relations, as the KLT kernel for a large number of external particles
is highly non-trivial.
Another incarnation of the double copy makes use of the BCJ relations or colour
kinematics duality [9–11]. Remember that a general tree level gauge theory amplitude
can be written as
A =
∑
i
cini
Pi
, (1.2)
where ci are the colour factors, ni the kinematic numerators and Pi the propagator
factors contributing to the ith diagram2. Recall that the colour factors are built from
structure constants and hence satisfy certain algebraic properties that follow from
the antisymmetry of these structure constants as well as their Jacobi identities. The
kinematic numerators are not unique. Using so called generalised gauge transforma-
tions, which leave the amplitude invariant, they can be brought into a form n˜i, that
satisfies the same algebraic identities as the colour factors ci. Then the gravity ampli-
tude can be obtained by replacing the colour factors in (1.2) by these new kinematic
numerators n˜i:
M =
∑
i
n˜ini
Pi
(1.3)
Various proofs for this relation exist at tree level [12–16]. While the BCJ version
of the double copy is equivalent to the KLT relations at tree level, it makes the
squaring manifest directly and more importantly is conjectured to also hold at loop
level [10]. This conjecture has been applied to calculations at increasingly high loop
orders, which have been considered computationally inaccessible prior to the discovery
of the colour kinematics duality [17–21]. These calculations have shown that the
onset of UV divergences in supergravity has to happen at much higher loop order
than expected from standard techniques [22–24]. There have been papers suggesting
2We blow up each 4-point vertex by inserting the appropriate propagator in the numerator and
denominator at the s, t or u-channel colour contribution of said vertex, so that we only need to
consider trivalent graphs.
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that four-dimensional N = 8 supergravity could even be perturbatively finite in the
UV [25,26], however recent work does not support this conjecture [27].
Note that the double copy simplifies considerably for the 3-point tree level ampli-
tudes, where the colour factor is simply the structure constant itself. It is antisym-
metric under the interchange of external particles. However, as gluons are bosons,
the amplitude needs to be symmetric. Hence the kinematic “numerator” has to be
antisymmetric under the interchange of external particles as well and therefore auto-
matically satisfies the same algebraic property as the colour factor. There obviously
is no propagator in this case either. Then the gravity amplitude literally is the square
of the colour stripped gluon amplitude.
There also exist examples of a classical version of the double copy, relating non-
linear solutions in gauge theory and gravity [28–38]. Choosing an appropriate gauge,
certain spacetimes, for example the Schwarzschild black hole, can be related to clas-
sical solutions of gauge field theories, in this case the Coulomb solution of electro-
magnetism, via a squaring relation. These results heavily rely on properties of the
algebraically special solutions studied and there seems to be no clear general formal-
ism analogous to the amplitudes one yet.
Another direction of progress in amplitudes arose from twistor theory. Twistor
space is non-locally related to complexified spacetime via the incidence relations: a
point in spacetime corresponds to a line in twistor space, while points in twistor
space correspond to certain two dimensional null hyperplanes, usually referred to as
α planes, in complexified spacetime. It was noted that the Parke-Taylor formula (1.1)
adapted to N = 4 supersymmetric Yang-Mills theory can be expressed elegantly in
twistor space [39]. This was subsequently extended to a full formulation of N = 4
SYM as a string theory with supersymmetric twistor space as target space [40–42].
The resulting formula for n particle scattering amplitudes is a remarkably simple
5
integral over the moduli space of rational curves from the worldsheet3 with n marked
points to supersymmetric twistor space, where the MHV degree is fixed by the degree
of the rational curve. To simplify our life even further, the integration over the moduli
space localises to solutions of the so called scattering equations. The result is known
as RSV formula [43] and it is completely unexpected from the Feynman diagram
perspective, the non-local nature of twistor space essentially allowed us to get around
all the usual complexity of graph combinatorics. There also is an analogous twistor
string model for N = 8 supergravity [44].
This localisation to the scattering equations is a persistent feature of all twistor
string theories, however they remained somewhat unsatisfactory in the sense that they
were confined to four spacetime dimensions and required maximal supersymmetry.
This was remedied when the so called CHY formulae for scattering amplitudes were
discovered [45–47]. They express n particle tree level amplitudes of a multitude of
theories, both with and without supersymmetry, as integrals over the moduli space
of the Riemann sphere with n punctures. These integrals again localise to solutions
of the scattering equations and the formulae are valid in any dimension. The precise
integrand is determined by the choice of theory for which one wants to compute the
amplitudes.
The form of these amplitudes as integrals over the moduli space of n-punctured
Riemann spheres is highly suggestive of genus zero string theory amplitudes with
n vertex operator insertions. This was confirmed by the discovery of ambitwistor
strings [48], which reproduced the CHY amplitudes from a chiral worldsheet model
with finite massless spectrum and no free parameters on the worldsheet. The target
space of this model is the space of complex null geodesics, which is a close relative
of twistor space4 known as ambitwistor space. The localisation of the integral to
3Strictly speaking, this is only known to be true for genus zero corresponding to tree level am-
plitudes.
4In the case of four dimensional flat space, the corresponding projective ambitwistor space is a
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solutions of the scattering equations is automatically built into the model by the
ambitwistor Penrose transform of momentum eigenstates.
A variety of ambitwistor string models have been constructed to reproduce the tree
level scattering amplitudes for a wide array of field theories [49–51]. Loop amplitudes
have been obtained from these models by considering worldsheet correlators at higher
genus [52–54] or on the nodal Riemann sphere [55–59]. Ambitwistor strings can also
be viewed as null strings quantised in an unusual way [60,61]. Other aspects that have
been studied include four dimensional models [62, 63], pure spinor versions [64–67],
ambitwistor string field theory [68,69], a proposed ambitwistor string propagator [70]
and the spectrum in both GSO projections [71]. Ambitwistor string methods have
also been applied to the study of asymptotic symmetries and soft theorems [72–75]
and even spacetime conformal invariance [76].
A remarkable feature of type II ambitwistor strings is that they remain a free
worldsheet CFT in a curved supergravity background. Quantum consistency of this
model is equivalent to the background fields obeying the NS-NS supergravity (gravity
coupled to a B-field and dilaton) equations of motion [77]. This yields an exact
description of a non-linear field theory as free two dimensional CFT.
A major goal of modern theoretical physics is to obtain a theory that incorporates
both gravity and quantum theory. Various attempts at such a theory have been made
with varying degrees of success or lack thereof, including loop quantum gravity as well
as M-theory and most prominently string theory, which can be viewed as a limiting
case of M-theory.
One of the first attempts to marry quantum theory to gravity was to simply put a
perturbative quantum field theory on a classical curved background spacetime. The
best known triumph of this program is the discovery of Hawking radiation emitted
quadric in the product of projective twistor space and its dual. This also explains its name, ambi is
a Latin prefix meaning “both”.
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by black holes [78], allowing their treatment as thermodynamic objects with finite
temperature. Despite the successes of quantum field theory in curved spacetime,
curved background amplitude5 calculations have not been able to keep pace with the
recent progress in flat space. While standard perturbative QFT computations tend to
get out of hand even faster in curved spacetimes, none of the modern tools mentioned
above are available there. In this thesis, we aim to make some initial steps towards
the exploitation of two of these modern methods in curved backgrounds:
• Like regular string theory, ambitwistor strings can be placed in curved back-
grounds. This raises the usual questions about quantum consistency of these
theories and if sensible correlators can still be calculated. While it is known
that ambitwistor strings yield elegant formulas for amplitudes in flat space,
the corresponding statement in curved backgrounds is not clear (even in those
backgrounds where scattering amplitudes are still well defined).
• Recall that there are two incarnations of the double copy, one for scatter-
ing amplitudes in flat space and another one for classical solutions of the
equations of motion. This gives rise to hope that a suitably adapted com-
bination of the two might still work in curved backgrounds. Similar to the
heuristic double copy formula, this can be written as Gravity + gravity =
(Gauge theory + gauge theory)2.
While these questions cannot be answered definitively at the moment, we are able to
report some progress supporting the above ideas in this thesis.
5Or other physical observables like correlation functions, as the usual notion of scattering ampli-
tudes is not well defined in generic curved backgrounds.
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1.1 Outline
This thesis is divided in two main parts, one mostly concerned with ambitwistor
strings in curved backgrounds, while the other focuses on scattering on plane waves.
Before we present our research, we review relevant previous work in chapter 2. In
particular, we describe ambitwistor string models in chapter 2.1 and (sandwich) plane
wave spacetimes and gauge fields in chapter 2.2.
Chapter 3 is concerned with results about ambitwistor string models in generic
curved backgrounds. In chapter 3.1, we construct a heterotic ambitwistor string
in a non-abelian background gauge field and show that the anomaly cancellation
conditions impose the Yang-Mills equations on this background field exactly, if one
decouples the gravitational degrees of freedom. In chapter 3.2, vertex operators for
the curved background heterotic and type II ambitwistor string are proposed and
we show that BRST closure imposes appropriate gauge conditions and equations of
motion for these operators to correspond to linear perturbations of the background
fields by gluon as well as graviton, B-field and dilaton insertions.
Chapter 4 is concerned with scattering on sandwich plane wave backgrounds. In
chapter 4.1, we generalise results about the well definedness of the scattering problem
in these backgrounds from scalars to gluons and gravitons. This allows us to calculate
3-point amplitudes for gluons on a gauge field plane wave and gravitons on a plane
wave spacetime. We then propose a double copy construction relating these two
objects. In chapter 4.2, we calculate the 3-point correlators of gluon vertex operators
in the plane wave background heterotic ambitwistor string and of graviton vertex
operators in the plane wave background type II ambitwistor string. These correlators
are shown to agree with the amplitudes obtained in the previous chapter.
In chapter 5, we summarise and discuss our findings and propose some directions
for future research.
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Chapter 2
Review
2.1 Ambitwistor strings
Ambitwistor string theories are worldsheet models whose spectra contain only mass-
less degrees of freedom. Our focus will be on those models whose spectra include
ordinary, massless supergravity and gauge theory; these are known as the type II and
heterotic ambitwistor strings, respectively. After a brief review of the CHY formulae
and ambitwistor space, we describe these models on flat backgrounds and how the
type II model can be coupled to curved background fields.
The material in this chapter is relevant to chapter 3 and chapter 4.2 and can be
skipped, if the reader is familiar with these topics.
2.1.1 The scattering equations and CHY formulae
While we do not make explicit use of them in this thesis1, the scattering equations
are an essential feature of ambitwistor strings and a brief review is in order. These
equations have appeared in the context of dual models [79–81] and string theory [82,
83] much before the search for alternatives to Feynman diagrams began. We, however,
will focus on their role in “modern” amplitudes as presented in [45–47]. Given a set of
null momenta ki µ with i ∈ {1, ..., n} satisfying momentum conservation
∑n
i=1 ki µ = 0,
1We calculate some curved background 3-point amplitudes using ambitwistor strings in chap-
ter 4.2. However, it will soon become clear that the scattering equations cannot appear below 4
points.
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let us consider the maps Pµ : CP1 → C defined as
P (z) =
n∑
i=1
ki
z − zi . (2.1)
Its residues associate an external momentum ki to each pole zi on the Riemann sphere.
In chapter 2.1.3 it will become clear that from the perspective of ambitwistor strings,
this is best viewed as a meromorphic section of the canonical bundle of the (genus
zero) worldsheet, Pµdz ∈ Ω0(Σ, KΣ). The meromorphic quadratic differential P 2 has
only simple poles, as our external momenta ki µ are null:
P 2(z) =
n∑
i=1
∑
j 6=i
ki · kj
(z − zi) (z − zj) . (2.2)
Since non-vanishing meromorphic quadratic differentials on the Riemann sphere can-
not be free of poles, one can set P 2 = 0 by setting the residues of (2.2) to zero. This
yields the scattering equations:
ResziP
2(z) =
∑
j 6=i
ki · kj
zi − zj = ki · P (zi) (2.3)
The minimum number of poles for meromorphic quadratic differentials on CP1 is
actually four. It should therefore be sufficient to kill the residues of all but three poles
to set P 2 to zero globally. This is also reflected in the scattering equations: Using
momentum conservation, one can show that they are invariant under the SL(2,C)
symmetry of the moduli space of the n-punctured Riemann sphere. Hence only n− 3
of them are independent and these have (n− 3)! different solutions [84].
An important feature of the scattering equations is that they relate the factori-
sation channels of amplitudes to those boundary points of the moduli space of the
n-punctured Riemann sphere, where some of the punctures approach each other.
These boundary points are included in the Deligne-Mumford compactification of the
moduli space, which has been studied in the context of string perturbation theory [85].
Another remarkable feature is that they lead to a particularly simple version of the
KLT relations by effectively diagonalising the KLT kernel.
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The scattering equations make their star appearance in the CHY formulae for
scattering amplitudes [46, 47]. Tree level amplitudes are written as
A(0)n =
∫
(CP1)
n
∏n
i=1 dzi
vol SL(2,C)
∏
j
′δ¯ (kj · P (zj)) In (zl, kl, l) , (2.4)
where In (zl, kl, l) is a theory dependent integrand encoding the external kinematics.
The primed product of delta functions is defined as
∏
j
′δ¯ (kj · P (zj)) := zklzlmzmk
∏
j 6=k,l,m
δ¯ (kj · P (zj)) (2.5)
where zkl = zk − zl. This does not depend on the choice of k, l,m and imposes the
scattering equations, remember that only n − 3 of them are independent. Notice
that we wrote the measure in its permutation invariant form and had to therefore
divide it by the (infinite) volume of SL(2,C). By using the SL(2,C) invariance to fix
three points zk, zl, zm on the Riemann sphere we can remove this redundancy. This
introduces a Jacobian zklzlmzmk
dzkdzldzm
, so that the measure becomes∏n
i=1 dzi
vol SL(2,C)
→
∏
i 6=k,l,m
dzi zklzlmzmk, (2.6)
which leaves us with n− 3 integrations which are exactly fixed by the delta functions
imposing the scattering equations.
As mentioned above, the structure of (2.4) is identical for all theories and the
integrand In (zl, kl, l) determines, which amplitudes we are actually calculating. In-
tegrands for a whole zoo of theories are known, see e.g. [86,87], however we will focus
on the original integrands for Yang-Mills theory, Einstein gravity coupled to a B-field
and dilaton as well as a bi-adjoint scalar theory to illustrate these formulae. There
are only two basic ingredients necessary to construct the integrands for these three
theories. First one needs the Parke-Taylor factors encoding the colour structure
C1...n =
∑
σ∈Sn/Zn
Tr (T aσ(1) ... T aσ(n))
zσ(1)σ(2)zσ(2)σ(3) ... zσ(n−1)σ(n)zσ(n)σ(1)
. (2.7)
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The second ingredient is obtained from the matrix
Ψ =
(
A −CT
C B
)
(2.8)
encoding the kinematic data via
Aij =
ki · kj
zij
Bij =
i · j
zij
Cij =
i · kj
zij
(2.9)
Aii = 0 Bii = 0 Cii = −
∑
j 6=i
i · kj
zij
. (2.10)
Using the scattering equations, it is easy to see that the vector (1, ..., 1, 0, ..., 0) is in
the kernel of Ψ. The second vector in the kernel of Ψ is (z1, ..., zn, 0, ..., 0), showing
this explicitly requires momentum conservation and k2i = ki · i = 0 in addition to the
scattering equations. These two vectors actually span the two dimensional kernel of
Ψ. Therefore, the Pfaffian (square root of the determinant) of Ψ vanishes. However
the quantity
Pf′(Ψ) =
(−1)i+j
zij
Pf
(
Ψij
)
, (2.11)
where Ψij is the same matrix with columns and rows i and j removed, does not
depend on the choice of i, j and will yield a non-vanishing answer. This so called
reduced Pfaffian is the second ingredient we were looking for.
We are now ready to write down the integrands In (zl, kl, l). Yang-Mills theory
requires both kinematic and colour data, so the integrand is
IYMn (zl, kl, l) = C1...n · Pf′(Ψ). (2.12)
In a stunning manifestation of the double copy, the gravity integrand is obtained from
this by replacing the colour factor by another kinematic Pfaffian
Igrn (zl, kl, l) = Pf
′ (Ψ) · Pf′
(
Ψ˜
)
, (2.13)
note that the tilde on the second kinematic matrix corresponds to Ψ with a tilded
polarisation vector and the same external momenta. The graviton and B-field polar-
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isations are the traceless symmetric and skew part of µ˜ν , while the dilaton corre-
sponds to the trace. The bi-adjoint scalar will simply have two colour factors and no
reduced Pfaffian, which is sometimes referred to as zeroth copy.
Notice that the structure of equation (2.4) resembles a genus zero string theory
amplitude. It is natural to expect that it actually originates from some worldsheet
theory. This is indeed the case, ambitwistor strings yield exactly this type of ampli-
tude. We will turn to a review of these models after a brief introduction to ambitwistor
space.
2.1.2 Ambitwistor space
The space of all complex null geodesics in a complex spacetime manifold (M, g) is
called projective ambitwistor space PA. It has been used to study physical fields,
which can be encoded in its holomorphic structure [88–90]. As in the case of twistor
space, these fields are automatically defined up to gauge transformations on PA,
however unlike in twistor theory, they are not forced to obey any field equations2.
We will simply outline some of the most important properties of ambitwistor space
here, a recent review in the context of ambitwistor strings3 can be found in [48].
The construction of projective ambitwistor space works as follows: Consider the
holomorphic cotangent bundle T ∗M and restrict covectors p to be null with respect
to the metric p2 := g−1(p, p) = 0 to obtain the null cotangent bundle
T ∗NM =
{
(x, p) ∈ T ∗M |p2 = 0} . (2.14)
Remember that a rescaling of null momenta simply corresponds to a reparametrisa-
tion of null geodesics. Hence we quotient T ∗NM by the vector field pµ
∂
∂pµ
to find its
2This can be seen as a disadvantage, as we want these fields to obey their respective equations
of motion. On the other hand side, twistor theory imposes equations that are too restrictive to be
physical, reducing the fields to their (anti-)self dual sectors. Moreover, ambitwistor strings seem to
partially remedy this problem by imposing the correct equations of motion via BRST cohomology.
3Amongst other things, the authors discuss the details of the supersymmetric version of am-
bitwistor space. While this is the version relevant for the ambitwistor string, the concepts are
similar to those of the standard ambitwistor space presented here.
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projective version PT ∗NM . To obtain the space of null geodesics from this scale free
null cotangent bundle, we have to now quotient by the generator of null geodesics
p · ∇ = pµ
(
∂
∂xµ
+ Γρµνpρ
∂
∂pν
)
, (2.15)
which yields:
PA = PT
∗
NM
/
p · ∇ (2.16)
The double fibration property of this construction is nicely illustrated by
PT ∗NM
piPA ↙ ↘ piM
PA M
, (2.17)
where a fibre of piM is the lightcone of the base point and a fibre of piPA is the null
geodesic (along with its unscaled momentum at every point) corresponding to the
base point. This also allows us to understand the relation between spacetime and
ambitwistor space: A point in ambitwistor space corresponds to a null geodesic in
spacetime by construction, while a point in spacetime corresponds to the (quadric)
surface of all null geodesics through said point in PA.
Any cotangent bundle carries a natural symplectic structure with symplectic po-
tential (or tautological one form) θ = pµdx
µ. This symplectic structure obviously
cannot survive on the 2d − 3 dimensional space PA, however the symplectic poten-
tial descends to projective ambitwistor space in the shape of a non-degenerate, line
bundle valued one form θ ∈ Ω1 (PA,O(1)), which is called a contact structure.
Using this contact structure in combination with Kodaira theory, the construction
of PA from spacetime can be reversed: Given PA with its contact structure, one can
reconstruct the original spacetime manifold up to conformal transformations [90].
Going one step further, a small deformation of the complex structure of PA that
preserves the contact structure θ yields a small deformation of the conformal structure
of spacetime.
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Like in twistor theory, the Penrose transform relates fields in spacetime to coho-
mology classes on ambitwistor space. Its precise statement is
Theorem 1 (Ambitwistor Penrose transform) Trace free symmetric fields on
spacetime modulo gauge transformations are mapped to cohomology classes on am-
bitwistor space as:
H1 (PA,O(n)) =

0 n < −1
H0 (PT ∗NM,O(n+ 1))
/
p · ∇H0 (PT ∗NM,O(n))
n ≥ −1
A (trace free symmetric) field on spacetime corresponds to a cohomology class in
H0 (PT ∗NM,O(n+ 1)) by contracting all its free indices with pµ. Consider n = 1
for example, this yields a graviton in the form hµνpµpν . Similarly, spin s fields are
obtained from n = s− 1. A detailed proof can be found in the literature [48, 91], we
will simply sketch the main idea here. Consider the following short exact sequence:
0→ OPA(n)→ OPT ∗NM(n)
p·∇→ OPT ∗NM(n+ 1)→ 0 (2.18)
The Penrose transform can then be obtained directly from the corresponding long
exact sequence in cohomology. The relevant subsequence is (δ is the usual connecting
homomorphism)
0→ H0 (PT ∗NM,O(n)) p·∇→ H0 (PT ∗NM,O(n+ 1)) δ→ H1 (PA,O(n))→ 0, (2.19)
which implies theorem 1.
From the point of view of ambitwistor strings, a key feature of the Penrose trans-
form is the way it acts on momentum k eigenstates in flat space. Fields proportional
to eikx in spacetime turn into Dolbeault cohomology classes with representatives pro-
portional to δ¯(k ·p) on PA. This will ultimately impose the scattering equations (2.3)
in ambitwistor string models [48].
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2.1.3 Ambitwistor strings in flat space
For flat backgrounds, ambitwistor strings are given by constrained chiral CFTs in two
dimensions, governing holomorphic maps from a Riemann surface Σ to ambitwistor
space. As mentioned in the introduction, there is a small zoo of these ambitwistor
strings [49–51]. We will be interested in two particular models: the type II and
heterotic ambitwistor strings, which were introduced in [48].
2.1.3.1 The type II ambitwistor string
The type II ambitwistor string is described by the worldsheet action (in conformal
gauge):
S =
1
2pi
∫
Σ
Pµ ∂¯X
µ + ψ¯µ ∂¯ψ
µ − e
2
ηµνPµPν + χ¯ ψ
µPµ + χ η
µνψ¯µPν , (2.20)
with the worldsheet matter fields {Pµ, Xµ, ψ¯µ, ψµ} having holomorphic conformal
weight {1, 0, 1
2
, 1
2
}, respectively.4 The PX-system has bosonic statistics, while the
ψ¯ψ-system is fermionic. In other words,
Pµ ∈ Ω0(Σ, KΣ) , Xµ ∈ Ω0(Σ) , ψ¯µ, ψν ∈ ΠΩ0(Σ, K1/2Σ ) . (2.21)
The gauge fields e, χ¯, χ act as Lagrange multipliers, enforcing the constraints P 2 = 0,
ψ · P = 0 = ψ¯ · P , and carry non-trivial conformal weights:
e ∈ Ω0,1(Σ, TΣ) , χ¯, χ ∈ ΠΩ0,1(Σ, T 1/2Σ ) . (2.22)
The constraints imposed by these Lagrange multipliers are conjugate to the gauge
transformations
δXµ = α ηµνPν −  ηµνψ¯ν − ¯ ψµ , δPµ = 0 ,
δψµ =  ηµνPν , δψ¯µ = ¯ Pµ ,
δe = ∂¯α + 2(χ ¯+ χ¯) , δχ = ∂¯ , δχ¯ = ∂¯¯ ,
4This form of the type II ambitwistor string, given in [77], combines the two real worldsheet
Majorana fermion systems of the original formulation [48] into a single complex fermion system.
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where α is a bosonic gauge parameter of holomorphic conformal weight −1 and , ¯
are fermionic gauge parameters of holomorphic conformal weight −1
2
. These gauge
symmetries effectively reduce the target space to (super) ambitwistor space.
The gauge freedoms can be used to set e = χ = χ¯ = 0 via the standard Fadeev-
Popov procedure. The resulting gauge-fixed action is manifestly free:
S =
1
2pi
∫
Σ
Pµ ∂¯X
µ + ψ¯µ ∂¯ψ
µ + b ∂¯c+ b¯ ∂¯c¯+ β ∂¯γ + β¯ ∂¯γ¯ . (2.23)
The c-ghost, a fermionic field of conformal weight (−1, 0), is associated with holo-
morphic reparametrisation invariance on the worldsheet, and c¯ (with the same quan-
tum numbers as c) is associated with the gauge transformations generated by the
P 2 = 0 constraint. The bosonic ghosts γ, γ¯ are both left-moving, with conformal
weight (−1
2
, 0), and are associated with the gauge transformations generated by the
constraints ψ · P = 0 = ψ¯ · P .
The BRST-charge resulting from this gauge fixing procedure is
Q =
∮
c T + bc ∂c+
c¯
2
ηµνPµPν + γ¯ ψ
µPµ + γ η
µνψ¯µPν − 2γγ¯b¯ , (2.24)
where T is the holomorphic stress tensor for all fields except the (b, c) ghost system.
Using the free OPEs associated with (2.23)
Xµ(z)Pν(w) ∼ δ
µ
ν
z − w , ψ
µ(z) ψ¯ν(w) ∼ δ
µ
ν
z − w , (2.25)
and likewise for the ghost fields, it is straightforward to calculate any possible anoma-
lies. Indeed, one finds
Q2 = (d− 10) c ∂
3c
4
, (2.26)
so the only anomaly is the central charge, which is eliminated in the critical target
dimension d = 10. As long as the worldsheet is genus zero, Σ ∼= CP1, this conformal
anomaly will not affect the computation of worldsheet correlation functions, except
for an overall numerical ambiguity we can ignore. So from the point of view of
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scattering amplitudes, the type II ambitwistor string is well-defined on Minkowski
space of any dimension at genus zero (A caveat is in order here: Even at genus zero,
ambitwistor strings only exhibit the correct factorisation properties in the critical
dimension d = 10).
Using the BRST operator (2.24), one can investigate the spectrum of the model,
which is in one-to-one correspondence with that of type II supergravity [48, 52, 71].
For instance, it is easy to see that in the NS-NS sector, fixed vertex operators of the
form
c c¯ δ(γ) δ(γ¯) ¯µν ψ¯µ ψ
ν ei k·X , (2.27)
are Q-closed provided k2 = k ·  = k · ¯ = 0. The trace-free symmetric part of ¯µν
encodes the massless graviton of type II supergravity. As we are using a complex
fermion system, B-field and dilaton vertex operators are more subtle than in [48] and
can be obtained from flat space limits of the vertex operators presented in chapter 3.2.
A key feature of the ambitwistor string is that the n-point sphere correlation functions
of these vertex operators, along with their picture number zero descendants, are equal
to the CHY formulae for the tree level scattering amplitudes of supergravity.
So to summarise: the type II ambitwistor string on a Minkowski background has
the spectrum of massless type II supergravity (after GSO projection), is well-defined
up to a conformal anomaly (which is under control at genus zero), and produces the
tree level S-matrix of supergravity perturbatively around Minkowski space in terms
of worldsheet correlation functions.
2.1.3.2 The heterotic ambitwistor string
The heterotic ambitwistor string, as its name suggests, is obtained by replacing the
complex fermion system of the type II model with a single real fermion system while
simultaneously adding a holomorphic worldsheet current algebra. In Minkowski space,
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the worldsheet action in conformal gauge is given by
S =
1
2pi
∫
Σ
Pµ ∂¯X
µ + Ψµ ∂¯Ψ
µ − e
2
ηµν PµPν + χΨ · P + SC , (2.28)
where Ψµ are fermionic with holomorphic conformal weight 1
2
, and SC is the action
of a holomorphic worldsheet current algebra for some gauge group G (assumed to be
simple and compact). The current, ja, associated to SC has conformal weight (1, 0)
and its OPE on Σ takes the form:
ja(z) jb(w) ∼ k δ
ab
(z − w)2 +
f abc jc(w)
z − w , (2.29)
where the sans-serif Roman indices a, b, . . . = 1, . . . , dim g run over the adjoint rep-
resentation of G, k is the level of the worldsheet current algebra, and f abc are the
structure constants of g.
As before, holomorphic reparametrisation invariance and the gauge freedoms as-
sociated with the constraints P 2 = 0 and Ψ · P = 0 can be used to set e = χ = 0.
This results in a gauge fixed action
S =
1
2pi
∫
Σ
Pµ ∂¯X
µ + Ψµ ∂¯Ψ
µ + b ∂¯c+ b¯ ∂¯c¯+ β ∂¯γ + SC , (2.30)
and BRST charge
Q =
∮
c T + bc ∂c+
c¯
2
ηµνPµPν + γΨ
µPµ − b¯
2
γ γ , (2.31)
where the ghost systems have the same statistics and quantum numbers as before.
The only obstruction to Q2 = 0 for the heterotic model is again given by the
central charge, which is 5
2
d − 41 + c, with c the central charge of the worldsheet
current algebra. So for any fixed d ≤ 16, this anomaly can be eliminated by choosing
the worldsheet current algebra appropriately. However, at genus zero the conformal
anomaly is practically irrelevant.
In the gauge theory sector, the spectrum of the heterotic model agrees with that
of N = 1 super-Yang-Mills theory. Take the fixed NS sector vertex operators
c c¯ δ(γ)  ·Ψ ja Ta ei k·X . (2.32)
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These vertex operators are Q-closed provided k2 = k ·  = 0, and therefore represent
gluons. Correlation functions of such vertex operators (and their descendants) at
genus zero lead to the CHY expressions [46] for the tree level scattering amplitudes
of Yang-Mills theory in d-dimensional Minkowski space.
The gravitational sector of the heterotic ambitwistor string corresponds to a cer-
tain non-unitary R2 supergravity [51]. At genus zero, these modes can be projected
out consistently by isolating the single trace contributions to the correlator from the
worldsheet current algebra. Double (and higher) trace terms – which contribute with
higher powers of the level k – are mediated by the non-unitary gravitational modes.
2.1.4 Type II model on a curved background
In [77] it was shown how to couple the type II ambitwistor string to curved background
fields from the NS-NS supergravity sector which has a metric gµν , B-field Bµν and
dilaton Φ in its spectrum.
The curved space analogue of the gauge-fixed worldsheet action (2.23), taking into
account certain subtleties associated with worldsheet reparametrisation invariance
(see [77] for details), is
S =
1
2pi
∫
Σ
Pµ ∂¯X
µ + ψ¯µ ∂¯ψ
µ + ψ¯µ ψ
ν Γµνρ ∂¯X
ρ + b ∂¯c+ b¯ ∂¯c¯+ β ∂¯γ + β¯ ∂¯γ¯
+
1
8pi
∫
Σ
RΣ log
(
e−2Φ
√
g
)
,
(2.33)
where Γµνρ are the Christoffel symbols for the Levi-Civita connection of gµν , RΣ is the
scalar curvature of the worldsheet and g is the (absolute value of the) determinant
of the metric. At first, this action may not seem very promising: Even if we ignore
the dilaton dependent contribution in the second line, the connection term (required
to ensure spacetime covariance of the worldsheet action) couples the fermions to Xµ
non-polynomially. However, it was observed in [77] that the field redefinition
Pµ → Πµ := Pµ + ψ¯ρ ψν Γρµν , (2.34)
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leaves a free worldsheet action; the price for this simplification is that the new field
Πµ does not transform covariantly under spacetime diffeomorphisms. This is a small
price to pay for a manifestly solvable 2d CFT on any curved target spacetime, though.
After this field redefinition, the worldsheet action for the type II model on a curved
target space metric is:
S =
1
2pi
∫
Σ
Πµ ∂¯X
µ + ψ¯µ ∂¯ψ
µ + b ∂¯c+ b¯ ∂¯c¯+ β ∂¯γ + β¯ ∂¯γ¯ +
RΣ
4
log
(
e−2Φ
√
g
)
, (2.35)
This still contains the dilaton dependent term (the final term in the action) we ignored
previously. However, RΣ can always be taken to vanish locally, so this term does not
affect the worldsheet OPEs of the model, which are the same as in flat space with Πµ
playing the role of Pµ:
Xµ(z) Πν(w) ∼ δ
µ
ν
z − w , ψ
µ(z) ψ¯ν(w) ∼ δ
µ
ν
z − w (2.36)
Associated with this gauge-fixed action is a curved version of the BRST charge
(2.24), taking the form:
Q =
∮
c T + bc ∂c+
c¯
2
H + γ¯ G + γ G¯ − 2γγ¯b¯ , (2.37)
where the currents G, G¯ and H generalise ψ · P , ψ¯ · P and P 2 to curved space,
respectively. The fermionic spin 3
2
currents are given by
G =ψµΠµ + ∂(ψµΓκµκ)− 2∂(ψµ∂µΦ) + 1
3!
ψµψνψκHµνκ , (2.38)
G¯ =gµνψ¯ν(Πµ − Γκµλψ¯κψλ)− gµν∂(ψ¯κΓκµν)− 2∂(gµνψ¯µ∂νΦ) + 1
3!
ψ¯µψ¯σψ¯λH
µσλ ,
(2.39)
where Hµνσ is the background three-form. The third current is bosonic of spin 2,
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given by5
H =gµν (Πµ − Γκµλψ¯κψλ) (Πν − Γκνλψ¯κψλ)− 1
2
Rκλµνψ¯κψ¯λψ
µψν
− gµν∂ (ΠρΓρµν)− ψ¯κ∂ψλgµν∂λΓκµν + ψµ∂µ (gρσ∂(ψ¯κΓκρσ))
+
1
2
gµνHµκλψ
κψλ
(
Πν − Γρνσψ¯ρψσ
)
+
1
2
(
Πµ − Γκµλψ¯κψλ
)
H ρσν ψ¯ρψ¯σ
+
1
4
gµνHµκλψ
κψλH ρσν ψ¯ρψ¯σ −
1
3!
ψµψ¯νψ¯κψ¯λ∇µHνκλ − 1
3!
ψ¯µψ
νψκψλ∇µHνκλ
+
1
2
Hµνκψ¯κ∂
(
Hµνλψ
λ
)
+ ∂ (Hκλνψ
ν) gκσΓλσρψ
ρ − ∂ (HκλνψνgκσΓλσρψρ)
− 1
2
∂σHµνρψ
νψρ∂gσµ − 1
12
Hµνρ∂2Hµνρ +
1
2
ΓρµνHσλρψ
σψλ∂gµν
− 2∂ (gµνΠµ∂νΦ)− ∂
(
ψ¯κψ
λ(2∇κ∂λΦ− 2gµνΓκµλ∂νΦ)
)
.
(2.40)
These currents are covariant with respect to target space diffeomorphisms and con-
formal primaries of the worldsheet CFT. This is despite the fact that they contain
various terms which do not appear to be manifestly covariant, due to the requirement
of normal-ordering on the worldsheet.
The stress tensor appearing in (2.37) can be broken into matter and ghost contri-
butions T = Tm + Tgh, with
Tm = −Πµ∂Xµ − 1
2
(ψ¯µ∂ψ
µ + ψµ∂ψ¯µ)− 1
2
∂2 log(e−2Φ
√
g) (2.41)
for the matter fields and
Tgh = c¯∂b¯− 2b¯∂c¯− 3
2
β∂γ − 1
2
γ∂β − 3
2
β¯∂γ¯ − 1
2
γ¯∂β¯ (2.42)
for the ghost fields, where we exclude the (b, c) ghost system as before.
Using the BRST charge and free OPEs of the worldsheet action, the anomalies
of the type II model on a curved background can be computed exactly. As in flat
space, there is a conformal anomaly; remarkably, this anomaly is unaffected by the
background fields. In particular, it vanishes in d = 10 spacetime dimensions and can
be ignored at genus zero for the purposes of calculating scattering amplitudes.
5This expression forH corrects some typos made in [77]. We have checked that these modifications
do not alter any of the results in [4].
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However, Q2 = 0 is also obstructed by anomalies related to the gauged currents
{G, G¯,H}. These anomalies vanish if the algebra of currents is quantum mechanically
closed:
G(z)G(w) ∼ 0 , G¯(z) G¯(w) ∼ 0 , (2.43)
G(z) G¯(w) ∼ H
z − w , (2.44)
and these conditions do impose constraints on the background fields. The requirement
that the G(z)G(w) and G¯(z)G¯(w) OPEs be non-singular imposes
∂[µHνρσ] = 0 , Rµ[νρσ] = 0 , R(µν)ρσ = 0 , (2.45)
which are the usual Bianchi identities and symmetries of the Riemann tensor of the
background metric, along with dH = 0. This latter statement indicates that (locally)
H = dB; that is, H arises as the field strength of the background B-field. Note that
the conventional normalisation for the exterior derivative in this context is slightly
unusual, Hµνσ = ∂µBνσ + ∂νBσµ + ∂σBµν .
Dynamical constraints on the background fields emerge from the final closure
requirement of (2.44), which imposes
R + 4∇µ∇µΦ− 4∇µΦ∇µΦ− 1
12
H2 = 0 ,
Rµν + 2∇µ∇νΦ− 1
4
HµρσHν
ρσ = 0 , (2.46)
∇κHκµν − 2Hκµν∇κΦ = 0 .
These are precisely the field equations for the NS-NS sector of type II supergravity,
so vanishing of BRST anomalies enforces the appropriate equations of motion on the
background fields. This is analogous to the statement that ordinary string theory is
anomaly free at lowest order in α′ if and only if the Einstein equations hold [92–94].
But unlike ordinary string theory on a curved background, where the worldsheet
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action is a complicated interacting 2d CFT necessitating perturbation theory to de-
termine anomalies, the ambitwistor string remains solvable, the anomaly is obtained
exactly, and no perturbative expansion is required.
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2.2 Plane wave backgrounds
In this chapter, we review plane wave backgrounds in both the gravitational and
gauge theoretic contexts. There is a vast amount of literature on plane waves; we will
only cover a small area of the subject necessary for this thesis.
The material in this chapter is only relevant to chapter 4 and can be skipped until
the end of chapter 3.
2.2.1 Gravitational plane waves
Non-linear plane waves are among the oldest exact solutions to the field equations of
general relativity, and have many fascinating properties (cf. [95–99]). These metrics
describe spacetimes composed of pure radiation of the gravitational field itself or a
Maxwell field, propagating from past to future null infinity along a given constant
null direction. Our focus will be on purely gravitational plane wave metrics, which
can be interpreted as a coherent superposition of gravitons. There are two standard
coordinate systems: the Einstein-Rosen [100] and the Brinkmann [101] coordinates.
In Einstein-Rosen coordinates, the metric is given by:
ds2 = 2 dU dV − γij(U) dyi dyj , (2.47)
where the indices i, j, . . . = 1, . . . , d − 2. The only non-trivial metric components,
γij, depend on U . As usual, the inverse of γij is denoted by γ
ij. These coordinates
are useful because they manifest many of the symmetries of the spacetime which are
‘hidden’ in the other coordinates. The metric (2.47) clearly has Killing vectors ∂
∂V
,
∂
∂yi
, and the vectors
X i = yi ∂
∂V
+ F ij(U)
∂
∂yj
, F ij(U) :=
∫ U
ds γij(s) , (2.48)
are also Killing. The vectors ∂V , ∂i and X i form a Heisenberg algebra,
[X i, X j] = 0 , [ ∂
∂yi
, X j
]
= δji
∂
∂V
, (2.49)
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so plane wave metrics are endowed with an abelian isometry group generated by trans-
lations of the constant U planes as well as this (solvable) Heisenberg symmetry. We
will also see that massless field equations are most easily solved in these coordinates.
The main drawback of Einstein-Rosen coordinates is that they are essentially
never global coordinates: the metric will develop coordinate singularities due to the
focusing of the null geodesic congruence tangent to ∂U [102, 103]. Furthermore, the
curvature and field equations are given by somewhat complicated expressions in terms
of γij. For instance, the Ricci curvature is
RUU = −γ
ij
2
(
γ¨ij +
1
2
γ˙ikγ
klγ˙lj
)
,
where f˙ = ∂Uf for any function f(U). Thus the vacuum equations impose conditions
on γij in the form of a second-order ODE.
Brinkmann coordinates have the advantage that they are global, and the curvature
is easily identified. In the Brinkmann chart, the metric only has one non-trivial
component:
ds2 = 2 du dv −H(u,x) du2 − dxa dxa , (2.50)
with indices a, b, . . . = 1, . . . , d − 2. In these coordinates, the u = const. metric is
completely flat. For pp-waves H(u, x) can have general x-dependence, but for plane
waves it is constrained to be quadratic in xa:
H(u,x) = Hab(u)x
a xb . (2.51)
The non-vanishing Christoffel symbols in these coordinates are:
Γauu = −Hab(u)xb , Γvua = −Hab(u)xb , Γvuu = −
H˙(u,x)
2
, (2.52)
and the non-vanishing curvature components are directly encoded in the metric via
Raubu = −Hab (u) , (2.53)
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in
u v
Figure 2.1: The sandwich plane wave with xa-directions suppressed. The function
Hab(u) is non-vanishing only in the shaded region; the in- and out-regions are both
flat.
so the vacuum equations in Brinkmann coordinates simply impose that Hab be trace-
free: Haa = 0.
The sandwich plane wave setup is one for which Hab(u) is compactly supported
in u [104]. Without loss of generality, we assume that Hab(u) 6= 0 only for u1 ≤ u ≤
u2 ≤ 0; for u < u1 or u > u2, the spacetime is a flat. The flat region u < u1 is referred
to as the in-region, while u > u2 is the out-region. See figure 2.1 for a schematic of
this setup.
Although we work mostly in Brinkmann coordinates, Einstein-Rosen coordinates
are a key tool when solving the linearised Einstein equations on plane wave back-
grounds. Hence the relationship between the Brinkmann and Einstein-Rosen coordi-
nate systems will be important. It can be understood in terms of the solutions to the
equation:
e¨a = Hab e
b , (2.54)
for some functions ea(u) . Setting ea(u) = ∆xa, (2.54) is the geodesic deviation
equation in Brinkmann coordinates; this follows from the fact that the connecting
vectors between the geodesics,
ea
∂
∂xa
− e˙a xa ∂
∂v
,
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are Killing vectors. A set of (d − 2) Killing vectors is obtained by choosing a full
(d− 2)× (d− 2) matrix of solutions to (2.54), Eai (u) (and its inverse Eia(u)), subject
to
E˙a[iE|a| j] = 0 . (2.55)
The Killing vectors are then:
Di = Ea i ∂
∂xa
− E˙ia xa
∂
∂v
.
The commutation relations between the Di and the X i (transformed to Brinkmann
coordinates) give the Heisenberg algebra which was more manifest in Einstein-Rosen
coordinates.
By comparing the line elements (2.47), (2.50), the diffeomorphism linking Einstein-
Rosen and Brinkmann coordinates is identified as:
U = u , (2.56a)
V = v +
1
2
E˙iaEb i x
axb , (2.56b)
yi = Eia x
a . (2.56c)
The array Eai and its inverse will be referred to as vielbeins since they give the d− 2
orthonormal 1-forms dxa = Eai dy
i in terms of the Einstein-Rosen coordinates. They
obey
E¨a i = HabE
b
i , γij = E
a
(iE|a| j) . (2.57)
As part of the geometry of the Einstein-Rosen waves, the hypersurfaces V = constant
are null and transverse to the geodesic shear-free null congruence ∂v that rules the u =
constant null hypersurfaces. The ∂U null congruence has a deformation tensor, that
often plays a role in the study of perturbative gravity on a plane wave background.
In Brinkmann coordinates this tensor is measured by
σab = E˙
i
aEb i , (2.58)
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whose trace is the expansion and trace-free part is the shear.
Note that any other choice of vielbein, say fai , is related to E
a
i by
fai = E
a
j
(
F jk bki + c
j
i
)
, (2.59)
for constant matrices bij, c
i
j, and F
ij(u) defined as:
F ij(u) :=
∫ u
ds γij(s) =
∫ u
dsEa (i(s)Ej)a (s) . (2.60)
In particular, given some initial value for the vielbein on the in-region of a sandwich
plane wave, (2.59) encodes how the vielbein changes after passing through the curved
interior to the out-region. For the sandwich wave, two natural initial values are given
by requiring the vielbein to become trivial in the past or future:
lim
u→±∞
Ei±a (u) = δ
i
a . (2.61)
Since solutions to (2.54) are simply linear in flat regions, we have
Ea−i (u) = b
a+
i u+ c
a+
i as u→ +∞ ,
Ea+i (u) = b
a−
i u+ c
a−
i as u→ −∞ .
(2.62)
From (2.55) and the conservation of the Wronskian between E+ and E−, it follows
that
ba±[i c
±
j] a = 0, b
a+
i = δ
aj δbi b
b−
j (2.63)
and we can use a rotation of the Brinkmann coordinates to make b symmetric if
desired.
Note that it is essentially impossible to have E invertible for all u for non-trivial
b, so the Einstein-Rosen coordinates are generically singular. This is the inevitable
consequence of null geodesic focusing of the V = constant null hypersurfaces as
emphasised by Penrose [102]. Both Ea+i and E
a−
i will describe the same flat metric
in the asymptotic regions but with different Einstein-Rosen forms. In particular, if
the deformation tensor σab vanishes in one asymptotic region, it will generically be
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non-trivial in the other, albeit falling off as 1/u. This non-trivial change in σab is an
example of the memory effect [105–107], which has been studied in detail for sandwich
plane waves (e.g., [108,109]).
2.2.2 Gauge theory plane waves
An ‘Einstein-Rosen’ plane wave in gauge theory is a gauge potential which satisfies
properties similar to a plane wave metric in Einstein-Rosen coordinates. It is often
used to model the electromagnetic fields of lasers (cf. [110–112]). In particular, we
demand that A – a priori taking values in the adjoint of some Lie algebra g – manifests
the symmetries generated by ∂
∂v
and ∂
∂xa
. The most general connection satisfying these
conditions has the form:
A = A0(u) dv + Aa(u) dx
a , (2.64)
where we write the potential in the coordinates
ds2 = 2 du dv − dxa dxa , (2.65)
of Minkowski space.
We want (2.64) to be preserved under the same Heisenberg symmetry algebra
(2.49) that generated the isometries of the plane wave metrics in Einstein-Rosen
coordinates. This requires there to be a vector field
X aϕ = xa
∂
∂v
+ u
∂
∂xa
+ ϕa , (2.66)
with ϕa a Lie algebra-valued function for which
[X aϕ , X bϕ] = 0 , [ ∂∂xa , X bϕ
]
= δba
∂
∂v
. (2.67)
These conditions imply that ϕa = ϕa(u) and [ϕa, ϕb] = 0. Furthermore, we require
that X aϕ generates a further symmetry of the gauge connection; namely, that D = d+A
is covariantly Lie-dragged along the X aϕ . This imposes further constraints on A:
Aa = −ϕ˙a , [A0, ϕa] = 0 ,
[
Aa, ϕ
b
]
= δba A0 . (2.68)
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For simplicity, we restrict our attention to the special case where ϕa is valued in the
Cartan subalgebra h ⊂ g. With this choice, consistency of the symmetry algebra
reduces to
A0 = 0 , ϕ
a(u) = −
∫ u
dsAa(s) , (2.69)
and the functional form of X aϕ closely resembles that of its gravitational counterpart
(2.48).
To summarise, our definition of an ‘Einstein-Rosen’ plane wave gauge field (valued
in the Cartan of the gauge group) results in a gauge potential of the form:
A = −Aa(u) dxa , (2.70)
where an overall negative sign has been included for convenience. Just as the Brink-
mann form of a plane wave metric can be obtained by the diffeomorphism (2.56)
from Einstein-Rosen form, a gauge transformation of (2.70) gives the plane wave
gauge potential in ‘Brinkmann’ form. In particular, taking A→ A + d(xaAa) gives
A = xa A˙a du . (2.71)
The fact that A is a linear polynomial in xa, rather than a quadratic function as in the
gravitational setting (2.51), is a first glimpse of the double copy. It has already been
noted that plane wave background geometries (for gauge theory and gravity) exhibit
the double copy structure [29], although the distinction between linear and quadratic
functions does not seem to have been noticed previously. Although we obtained
(2.71) from the Einstein-Rosen gauge by working in the Cartan subalgebra of the
gauge group, general non-abelian plane waves also take this functional form [113].
The field strength is
F = A˙a dx
a ∧ du . (2.72)
As for the Brinkmann metric, the gauge field (2.71) directly encodes the field strength;
(2.72) obeys the Maxwell equations, and hence the Yang-Mills equations when valued
in the Cartan subalgebra of the gauge group.
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The sandwich gauge field plane wave is analogous to that for gravity; the field
strength Fa = A˙a(u) is taken to be compactly supported for u1 ≤ u ≤ u2 ≤ 0, so that
it is flat in the in-region (u < u1) and out-region (u > u2). The memory effect here
is associated with the fact that if A is taken to vanish in the past, it will be constant
and non-zero in the future
Aa|out − Aa|in =
∫ u2
u1
Fa du , (2.73)
By analogy with the gravitational case, (2.73) can be viewed as encoding the electro-
magnetic memory effect [114] for plane wave gauge theory backgrounds.
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Chapter 3
Ambitwistor strings on non-trivial
backgrounds
3.1 Heterotic ambitwistor strings on gauge field
backgrounds
The equations of motion for a classical field theory are usually understood as the
Euler-Lagrange equations of a corresponding action functional. For certain theories,
such as gauge theory and gravity, the equations of motion can also famously be derived
from a low-energy expansion of string theory [92,94,115]. Coupling the Polyakov ac-
tion to background gauge or gravitational fields leads to a conformal anomaly. Since
the resulting worldsheet action is a complicated interacting 2d conformal field theory
(CFT), this anomaly can only be computed perturbatively in a small parameter, taken
to be the inverse string tension. To lowest order in this parameter, anomaly cancella-
tion imposes the field equations of gauge theory or gravity on the background fields;
the higher-order corrections impose an infinite tower of additional higher-derivative
equations.
Ambitwistor strings are a worldsheet theory with finite massless spectrum and no
tunable parameter on the worldsheet. A natural question for this relative of string
theory is: can these models be coupled to background fields to give a non-linear
description of the underlying field theories? Unlike ordinary string theory, such a
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description should be exact – that is, computable without recourse to an infinite
perturbative expansion. In the case of the NS-NS supergravity this was answered in
the affirmative as described in chapter 2.1.4. More recently, it was shown that the
abelian Maxwell equations could also be obtained in a similar fashion [4]. However,
this success has not been extended to other field theories due to a variety of subtleties
associated with coupling to background fields and non-unitary gravitational modes
which do not exist in the case of NS-NS supergravity.
In this chapter, which is based on [1], we extend the exact worldsheet description of
classical field theories to include Yang-Mills theory. This is accomplished by coupling
a heterotic version of the ambitwistor string to a non-abelian background gauge field1.
The model contains both gauge theoretic and (non-unitary) gravitational degrees of
freedom, but the latter can be locally decoupled on the worldsheet. Gauge fixing
the worldsheet action leads to potential anomalies; remarkably, the only conditions
imposed on the background gauge field by anomaly cancellation are the (non-linear)
Yang-Mills equations. We also show that re-coupling the gravitational modes leads
to gauge anomalies, analogous to but distinct from the well-known anomaly [117] of
the standard heterotic string.
3.1.1 The worldsheet model
As first observed in the context of similar chiral heterotic-like worldsheet models [42],
the ‘bad’ fourth derivative gravitational modes of the heterotic ambitwistor string
can be decoupled at genus zero by taking a limit where k → 0 while k
g2s
is held fixed,
for gs the ‘string’ coupling constant which effectively counts the genus of Σ. In this
limit, only single trace contributions to a worldsheet correlation function survive at
genus zero. Globality and unitarity of the worldsheet current algebra dictate that k
be a positive integer, so the k → 0 limit must be viewed as a purely formal one which
1In [116] a form of the heterotic ambitwistor string with background fields was also studied, but
only classically on the worldsheet.
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effectively removes the second order pole from the OPE (2.29). Since our primary
concern here will be anomalies, which can be computed locally on Σ, the formality of
the limit will not be a problem.
Fixing k → 0, introduce a background gauge potential Aaµ(X) valued in the adjoint
of G, which couples to the worldsheet current algebra by
SC → SC + 1
2pi
∫
Σ
Aaµ j
a ∂¯Xµ . (3.1)
The purely quadratic nature of the worldsheet model (2.30) can be preserved by
absorbing the explicit dependence on the background into the conjugate of Xµ (cf.
equation (2.34) for the analogous procedure in the gravitational context):
Pµ → Pµ + Aaµ ja := Πµ . (3.2)
This leads to a worldsheet action
S =
1
2 pi
∫
Σ
Πµ ∂¯X
µ +
1
2
ψµ ∂¯ψ
µ + SC , (3.3)
with free OPEs of the worldsheet fields (in the k → 0 limit):
Xµ(z) Πν(w) ∼ δ
µ
ν
z − w , ψ
µ(z)ψν(w) ∼ η
µν
z − w , j
a(z) jb(w) ∼ f
abc jc(w)
z − w ,
(3.4)
for ηµν is the d-dimensional Minkowski metric.
The price for this simplicity (which is in stark contrast to the complicated inter-
acting 2d CFT obtained by coupling the ordinary heterotic string to a background)
is that Πµ is not invariant under local gauge transformations. Under an infinitesimal
gauge transformation with parameter εa,
δAaµ = f
abc εb Acµ − ∂µεa , δja = f abc εb jc , (3.5)
which indicates that
δΠµ = −ja ∂µεa . (3.6)
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This is a common feature of all curved βγ-systems, of which (3.3) is an example [118],
and is problematic only if Πµ has a singular OPE with itself after a gauge transfor-
mation. Fortunately, it is easy to check that
(Πµ + δΠµ)(z) (Πν + δΠν)(w) ∼ 0 , (3.7)
so the structure of the OPEs (3.4) is preserved under gauge transformations. Note
that infinitesimal gauge transformations can be implemented by a local operator
Oε = −εaja, which obeys
Oε(z)Oλ(w) ∼ f
abcεa λb jc
z − w =
O[λ,ε]
z − w , (3.8)
and acts correctly on all worldsheet fields.
3.1.2 Yang-Mills equations as an anomaly
The worldsheet action (3.3) has additional symmetries beyond holomorphic repara-
metrisation invariance. Indeed, the action is invariant under the transformations
δXµ = − ψµ , δψµ =  (Πµ − Aµ aja) , δΠµ = ψν∂µAaνja , (3.9)
where  is a constant fermionic parameter of conformal weight (−1
2
, 0). These trans-
formations are generated by a fermionic current
G = ψµ
(
Πµ − Aaµ ja
)
, (3.10)
on the worldsheet, which is the extension of ψ ·P to the non-trivial gauge background.
This current is a holomorphic conformal primary of dimension 3/2 and is invariant
under gauge transformations of the background field.
The OPE of G with itself has only simple poles, generating a bosonic current:
G(z)G(w) ∼ H
z − w , (3.11)
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where H is the extension of P 2 to the non-trivial gauge background and F aµν denotes
the Yang-Mills field strength as usual:
H = Π2 − 2 ΠµAaµja + AaµAµbjajb + ψµψνF aµνja − ∂ (∂µAµaja) + f abcjcAµb∂Aaµ . (3.12)
As both G and H are composite operators on the worldsheet, their definition as cur-
rents in the fully quantum mechanical regime requires normal ordering to remove
singular self-contractions. We use a point-splitting prescription to do this; for exam-
ple, the explicit normal ordering of the second term in H is given by:
− 2 ΠµAaµja(z) :=
i
pi
∮
dw
Πµ(w)Aaµ(z)j
a(z)
z − w , (3.13)
where the integral is taken on a small contour in w around z. From now on, we assume
this normal ordering implicitly. It is straightforward to check that the normal-ordered
current H is a conformal primary of dimension 2 and gauge invariant.
Gauging the symmetries associated with these currents leads to a worldsheet ac-
tion
S =
1
2pi
∫
Σ
Πµ ∂¯X
µ +
1
2
ψµ ∂¯ψ
µ + χG + eH + SC , (3.14)
where the gauge fields χ, e are fermionic of conformal weight (−1
2
, 1) and bosonic of
conformal weight (−1, 1), respectively. The worldsheet symmetries associated with
G,H can now be gauge-fixed, along with holomorphic reparametrisation invariance;
choosing conformal gauge with χ = e = 0 leads to a free gauge-fixed action
S =
1
2 pi
∫
Σ
Πµ ∂¯X
µ +
1
2
ψµ ∂¯ψ
µ + b ∂¯c+ b¯ ∂¯c¯+ β ∂¯γ + SC , (3.15)
and associated BRST charge
Q =
∮
c T + bc∂c+ γ G + c¯H +
b¯
2
γ2 . (3.16)
Here, (c, b) and (c¯, b¯) are fermionic ghost systems for which c, c¯ have conformal weight
(−1, 0), while (γ, β) are a bosonic ghost system for which γ has conformal weight
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(−1
2
, 0). In the BRST charge, T denotes the (appropriately normal-ordered) holo-
morphic stress tensor of the worldsheet CFT, including all contributions from the
worldsheet current algebra and all ghosts, except the (c, b) system.
This gauge fixing is anomaly-free if and only if the BRST charge is nilpotent:
Q2 = 0. Given the free OPEs (3.4), this calculation can be performed exactly – there
is no need for a background field expansion as in the analogous calculation for the
heterotic string [92]. It is straightforward to show that Q2 = 0 only if the central
charge of the worldsheet current algebra obeys c = 41− 5d
2
, and
G(z)H(w) ∼ 0 . (3.17)
The first of these conditions is familiar from flat space and kills the holomorphic con-
formal anomaly; similar to the type II case described in chapter 2.1.4, it is completely
independent of the background fields. The second condition – that the OPE between
G and H be non-singular – is trivially satisfied in a flat background, but becomes
non-trivial in the presence of Aaµ. Making use of the identity
jajb(z)− jbja(z) = f abc ∂jc(z) , (3.18)
for normal-ordered products of the worldsheet current, which is derived in appendix A
along with another useful equation, one finds:
G(z)H(w) ∼ −3ψ
νjaDµF aµν
(z − w)2 −
∂
(
ψνjaDµF aµν
)
z − w −
ψµψνψσjaDµF
a
νσ
z − w , (3.19)
where Dµ is the gauge-covariant derivative with respect to A
a
µ.
Requiring (3.17) to hold then imposes the constraints
DµF aµν = 0 , D[µF
a
νσ] = 0 , (3.20)
on the background gauge field, which are precisely the Yang-Mills equations and
Bianchi identity. Furthermore, these are the only constraints placed on the back-
ground gauge field by anomaly cancellation in the 2d worldsheet theory. Thus, non-
linear Yang-Mills theory (in any dimension) is described by an exact anomaly in a
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free 2d chiral CFT, unlike the analogous calculations in the heterotic [92] or type
I [115] superstring.
3.1.3 Recoupling gravity and the gauge anomaly
Gravitational degrees of freedom (in the guise of multi-trace terms) can be recoupled
by reinstating the level k (now assumed to be a positive integer). In the ordinary
heterotic string, the interplay between gravitational and gauge theoretic degrees of
freedom, mediated by the B-field, leads to the Green-Schwarz anomaly cancellation
mechanism [117]. Naively, one might expect a similar phenomenon to arise in the
heterotic ambitwistor string, especially since coupling to the background gauge field
(through the left-moving worldsheet current algebra) is the same as in string theory
(cf., [119, 120]). This means that we should encounter the usual gauge anomaly
associated with chiral fermions on the worldsheet.
In heterotic string theory, resolving this gauge anomaly relies crucially on the
form of the B-field coupling to the worldsheet CFT (cf., [121]). This leads to a
modified gauge transformation of the B-field and the shift of its field strength by a
Chern-Simons term for the background gauge field. In a chiral model such as the
ambitwistor string, the coupling of other background fields (including the B-field) is
different and the resolution of the anomaly is no longer clear.
To see this, it suffices to consider an abelian background gauge field Aµ, now
coupled to the worldsheet through an (abelian) current algebra of level k ∈ Z+.
Under a gauge transformation Aµ → Aµ − ∂µε, the worldsheet field Πµ transforms as
Πµ → Πµ − j∂µε. The gauge-transformed Πµ now has a singular OPE with itself:
(Πµ − j ∂µε)(z) (Πν − j ∂νε)(w) ∼ k ∂µε ∂νε
(z − w)2 − k
∂µε ∂(∂νε)
z − w , (3.21)
proportional to the level k. Such anomalous OPEs can be removed in chiral CFTs
of βγ-type by compensating for the gauge transformation with a shift of the Πµ field
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(e.g., [118]). To remove the anomalous OPE (3.21), define the gauge transformation
of Πµ by:
Πµ → Πµ − j∂µε+ k
2
∂µε ∂ε . (3.22)
It is straightforward to check that this level-dependent shift removes the singularities
from (3.21), ensuring that Πµ has a non-singular OPE with itself in any choice of
gauge.
Unfortunately, there is still a gauge anomaly at the level of the worldsheet currents
G and H. It is straightforward to see that these currents are no longer gauge invariant;
for instance
G→ G + k
2
ψµ∂µε ∂ε , (3.23)
under a gauge transformation with the proviso (3.22). Furthermore, the OPE of G
with itself now has a triple pole contribution
G(z)G(w) ∼ k A
µAµ
(z − w)3 + · · · , (3.24)
which must vanish. In other words, the G, H current algebra imposes the gauge-
dependent, algebraic equation of motion A2 = 0 on the background gauge field.
A potential remedy for this situation would be to modify the current G. Such
modifications are constrained by conformal weight and fermionic statistics to take
the form
G→ G + ψµψνψρHµνρ + ψµCµν ∂Xν , (3.25)
for some Hµνρ and Cµν that depend only on X. Corrections proportional to Hµνρ are
reminiscent of the standard Green-Schwarz mechanism, but it is easy to see that they
cannot remove the gauge-dependent triple pole (3.24). While we have been unable to
use corrections proportional to Cµν to remove the gauge anomaly completely, there
are some suggestive hints which emerge.
Consider the modification of G given by
G→ G + k
2
ψµ AµAν ∂X
ν . (3.26)
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It is worth noting that analogous terms appear in descriptions of anomaly cancellation
for the Green-Schwarz formalism of the heterotic string [122], although the precise
connection (if any) is unclear. This modification removes the triple pole (3.24) en-
tirely, and leads to O(k) modifications of H:
H→ H + k
(
Πµ AµAν ∂X
ν − ψµψν Aµ∂Aν − A2 Aµ∂Xµ j − 1
2
∂Aµ ∂A
µ
+
1
2
∂ (∂µ(A
µAν)∂X
ν)− ψµψν ∂µ(AνAσ)∂Xσ
)
+
k2
4
A2 (Aµ∂X
µ)2 . (3.27)
The modified G and H are worldsheet conformal primaries of the appropriate dimen-
sion, although both are still gauge-dependent.
While these modifications do not remove all gauge-dependence, the OPE of G with
H takes a remarkably simple form. Indeed, on the support of the Maxwell equations
for the background gauge field, one finds the structure:
G(z)H(w) ∼ k
[
ψµψνψρ
(z − w)2 (· · · ) +
ψµψνψρ∂Xσ
z − w (· · · ) +
ψµψν∂ψρ
z − w (· · · )
+
ψµ ∂Xν
z − w (· · · ) +
ψµ∂Xν∂Xρ
z − w (· · · ) +
∂ψµ∂Xν
z − w (· · · )
]
, (3.28)
where the (· · · ) stand for gauge-dependent tensors constructed from the background
gauge field. Although far from satisfactory, these modifications do kill all O(k2)
contributions to the OPE, as well as terms proportional to Πµ and j – all of which
occur for generic modifications (3.25). Furthermore, many of the terms appearing in
(3.28) actually have a surprisingly simple form; for instance, the double pole is
G(z)H(w) ∼ −3k
2
ψµψνψρ
(z − w)2 AµFνρ +
1
z − w (· · · ) , (3.29)
namely, a Chern-Simons term.
We expect that a full resolution of the gauge anomaly for the heterotic ambitwistor
string requires a full knowledge of its coupling to other background fields. These fields
obey higher-derivative equations of motion, and there are additional fields (such as a
massless 3-form) which do not appear in the standard heterotic string [48, 51, 67]. A
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recent description of the effective free theory on spacetime for these fields should be a
useful tool in this regard [71]. We hope that future work will lead to a full resolution
of these issues.
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3.2 Vertex operators for heterotic and type II am-
bitwistor strings in curved backgrounds
Ambitwistor strings [48, 64] have many surprising properties; while much attention
has rightly been paid to their utility for computing scattering amplitudes they can
also be defined on non-linear background fields as has been shown in the previous
chapter and [1, 77]. On such curved backgrounds the ambitwistor string is described
by a chiral worldsheet CFT with free OPEs (for details see chapters 2.1.4 and 3.1).
This allows for many exact computations in these backgrounds, in stark contrast to
conventional string theories where an expansion in the inverse string tension is needed
(cf., [92, 93,115]).
Thus far, only a RNS formalism for the ambitwistor string has been shown to be
quantum mechanically consistent at the level of the worldsheet. While pure spinor
and Green-Schwarz versions of the ambitwistor string (or deformations thereof) have
been defined on curved backgrounds [65, 116, 123, 124], it is not clear that they are
anomaly-free since only classical worldsheet calculations have been done in these
frameworks. In this chapter we study the heterotic and type II ambitwistor strings
in the RNS formalism, at the expense of only working with NS-NS backgrounds.
These backgrounds will be non-linear, and generic apart from constraints imposed
by nilpotency of the BRST operator (i.e., anomaly cancellation): the Yang-Mills
equations in the heterotic case and the NS-NS supergravity equations in the type II
case.
For each of these models, we construct vertex operators in the (−1,−1) picture
for all NS-NS perturbations of the backgrounds and investigate the constraints im-
posed on the operators by BRST closure. In the heterotic model we consider only one
such vertex operator whose BRST closure imposes the linearised gluon equations of
motion (as well as gauge-fixing conditions) on the perturbation around a Yang-Mills
background. In the type II model we consider three vertex operator structures, corre-
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sponding to symmetric rank-two tensor, skew-symmetric rank-two tensor, and scalar
perturbations. With a background metric (obeying the vacuum Einstein equations),
BRST closure fixes the two tensorial perturbations to be a linearised graviton and B-
field respectively. On a general NS-NS background (composed of a non-linear metric,
B-field and dilaton), the three structures are combined into a single vertex operator,
whose BRST closure imposes the linearised supergravity equations of motion on the
perturbations.
We comment on the descent procedure for obtaining vertex operators in picture
number zero, as well as the prospects for obtaining integrated vertex operators. We
also mention some unresolved issues regarding the GSO projection in curved back-
ground fields. The work presented in this chapter has first been published in [2].
3.2.1 Heterotic ambitwistor string
As a warm up we first describe the vertex operator for a gluon in the heterotic
ambitwistor string on a generic Yang-Mills background field since the calculations
here are mostly straightforward. This model was defined in a gauge background in
chapter 3.1 and [1]. As before we take the formal limit k → 0 to decouple gravitational
degrees of freedom from the model [1, 42].
3.2.1.1 Gluon vertex operator
Our goal is now to describe perturbations of the Yang-Mills background Aaµ at the
level of vertex operators in the worldsheet CFT. Let aaµ(X) be a perturbation of the
background. A natural ansatz for an associated vertex operator in the ‘fixed’ picture
(i.e., picture number −1) is
V = cc¯ δ(γ)ψµ aaµ j
a . (3.30)
This is an admissible vertex operator if it is annihilated by the BRST operator Q.
Since V is a conformal primary of spin zero, the only interesting contributions to QV
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come from higher poles in OPEs with the currents (3.10) and (3.12). Using the free
OPEs (3.4), it is straightforward to show that
G(z)V (w) ∼ −cc¯ δ(γ)D
µaaµ j
a(w)
(z − w)2 + · · · , (3.31)
and
H(z)V (w) ∼ cc¯ δ(γ)ψ
νja
(z − w)2
(
DµDµa
a
ν + 2f
abcabµF cµν
)
(w) + · · · , (3.32)
where the + · · · represent single pole terms in the OPE which will not contribute to
the action of the BRST charge.
In particular, these OPEs indicate that
QV = cc¯ δ(γ) ja
[
∂c¯ ψν
(
DµDµa
a
ν + 2f
abc abµ F cµν
)− ∂γ Dµaaµ] . (3.33)
So requiring QV = 0 imposes the Lorenz gauge condition (Dµaaµ = 0) as well as the
linearised Yang-Mills equations
DµDµa
a
ν + 2f
abc abµ F cµν = 0 (3.34)
on the perturbation. In other words, the vertex operator lies in the BRST cohomology
if and only if aaµ describes an on-shell gluon fluctuation on the non-linear Yang-Mills
background.
The standard descent procedure (cf., [85, 125, 126]) can be used to obtain the
gluon vertex operator in zero picture number. To do this, we simply use the standard
picture changing operator δ(β)G to get
cc˜U(w) = lim
z→w
δ(β)G(z)V (w) (3.35)
= cc˜
(
ΨµΨνDνa
a
µj
a + (Πµ − Aµaja)abµjb − f abcabµ jc ∂Aµa
)
(w) . (3.36)
An equivalent way to derive U(w) is by linearising the current H around a Yang-
Mills background, keeping in mind that the perturbation aaµ obeys the Lorenz gauge
condition.
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Further descent into an integrated vertex operator using the b-ghost and the stress-
energy tensor can be carried out as in the usual string. How to perform the descent
using the b¯-ghost and H current remains an open question, although it is well-known
how to do so in a flat background [48,49,52].
3.2.2 Type II ambitwistor string
We now move on to define vertex operators for the type II ambitwistor string on
a curved NS-NS background composed of a metric gµν , B-field Bµν and dilaton Φ,
which was introduced in [77] and described in chapter 2.1.4.
3.2.2.1 Graviton vertex operator
To begin, consider the type II model with only a background metric gµν turned on,
and let hµν(X) be a symmetric, traceless perturbation of this metric. A fixed picture
vertex operator associated to this perturbation is given by
Vh = cc¯ δ(γ)δ(γ¯)Oh = cc¯ δ(γ)δ(γ¯)
(
ψ¯µψ
νhµν − 1
2
(∂gµν)h
µν
)
. (3.37)
Note that this contains a quantum correction term proportional to a worldsheet
derivative. While this quantum correction vanishes for flat or certain highly sym-
metric backgrounds (e.g., a plane wave metric written in Brinkmann coordinates [4]),
it plays a crucial role on a general background.
For Vh to be an admissible vertex operator, it must be annihilated by the BRST
operator (2.37). Since Vh is a conformal primary of spin 0 on the worldsheet, any
potential obstructions to its Q-closure arise from OPEs between the operator Oh and
the currents (2.38), (2.39) and (2.40) with Hµνρ = 0 = Φ. One finds:
G(z)Oh(w) ∼ −ψ
ν ∇µhµν
(z − w)2 (w) + · · · , (3.38)
G¯(z)Oh(w) ∼ g
ρσψ¯µ∇ρhµσ
(z − w)2 (w) + · · · , (3.39)
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and
H(z)
2
Oh(w) ∼ h
µνRµν
(z − w)3 (w) +
ψ¯αψ
β
2 (z − w)2
(∇κ∇κhαβ − 2Rασγβhσγ
−Rσαhσβ −Rσβhασ + 2hλβRαλ
)
(w) +
∂Xγ
(z − w)2
(
1
2
hµν∂γR
µν
+
1
4
∂γg
µν(∇α∇αhµν − 2Rµαβνhαβ −Rλµhλν −Rλνhµλ)
)
(w) + · · · , (3.40)
where the + · · · stand for terms which do not contribute to the action of the BRST
operator.
Since the background metric obeys the vacuum Einstein equations (Rµν = 0),
these OPEs imply that
QVh = cc¯ δ(γ)δ(γ¯)
[
∂γ ψ¯µ∇νhµν − ∂γ¯ ψν ∇µhµν
+
∂c¯ ψ¯µψ
ν
2
(∇α∇αhµν − 2Rµαβνhαβ)+ ∂c¯ ∂gµν4 (∇α∇αhµν − 2Rµαβνhαβ)
]
. (3.41)
Thus, the OPEs between the vertex operator and the currents G, G¯ impose the de
Donder gauge condition
∇µhµν = 0 , (3.42)
which is consistent with expectations from the flat background case [48]. The OPE
between the vertex operator and the current H leads to the linearised Einstein equa-
tion for a metric perturbation on a vacuum Einstein background:
∇α∇αhµν − 2Rµαβνhαβ = 0 . (3.43)
In other words, requiring QVh = 0 imposes precisely the physical gauge-fixing and
linearised equation of motion for a graviton on the perturbation hµν .
What happens when the background B-field and dilaton are switched on? Keeping
the form (3.37) for the vertex operator, it remains to check the action of the full (i.e.,
with gµν , Hµνρ and Φ) BRST operator (2.37) on Vh. The additional background fields
do not change the fact that QVh is governed entirely by the OPEs between Oh and
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the currents (2.38), (2.39) and (2.40), although these OPEs are now substantially
more complicated. One finds that
G(z)Oh(w) ∼ − ψ
ν
(z − w)2 (∇µh
µ
ν − 2hµν∂µΦ) + · · · , (3.44)
G¯(z)Oh(w) ∼ g
ρσψ¯µ
(z − w)2 (∇ρh
µ
σ − 2hµρ∂σΦ) + · · · , (3.45)
while the OPE between H and Oh is
H(z)
2
Oh(w) ∼ h
µν
(z − w)3
(
Rµν + 2∇µ∇νΦ− 1
4
HµρσHν
ρσ
)
+
ψ¯αψ
β
(z − w)2
[
hλβ
(
Rαλ + 2∇α∇λΦ− 1
4
HαρσHλ
ρσ
)
+
1
2
(∇λ∇λhαβ − 2Rασρβhσρ
−Rσαhσβ −Rσβhασ − hρσHβρκHασκ − 2(hασ∇β∂σΦ + hβσ∇α∂σΦ +∇σhαβ∂σΦ)
)]
+
1
(z − w)2
[
hµν
2
∂
(
Rµν + 2∇µ∇νΦ− 1
4
HµρσH
νρσ
)
+
∂gµν
4
(∇λ∇λhµν − 2Rµαβνhαβ
−Rλµhλν −Rλνhλµ − hλσHµλαHνσα − 2 (hµσ∇ν∂σΦ− hνσ∇µ∂σΦ +∇σhµν∂σΦ)
)]
+
ψρψσ
2 (z − w)2
(
∇νhλσHρνλ + h
αβ
2
∇αHβσρ
)
− ψ¯ρψ¯σ
2 (z − w)2
(
∇νhσλHρνλ +
hαβ
2
∇αHβσρ
)
+ · · · , (3.46)
where all numerators are evaluated at w on the worldsheet, and + · · · again denotes
terms which will not contribute to the action of the BRST operator.
Using the fact that the background fields obey the non-linear equations of motion
(2.46), this means that
QVh = cc¯ δ(γ)δ(γ¯)
[
∂γ ψ¯µ (∇νhµν − 2hµν∂νΦ)− ∂γ¯ ψν (∇µhµν − 2hµν∂µΦ)
+
∂c¯
4
(
2ψ¯µψν + ∂gµν
) (∇λ∇λhµν − 2Rµρσνhρσ −Rλµhλν −Rλνhλµ
−hλσHµλαHνσα − 2 (hµσ∇ν∂σΦ + hνσ∇µ∂σΦ +∇σhµν∂σΦ)
)
+
∂c¯
2
(
ψµψν − ψ¯µψ¯ν)(∇ρhλν Hµρλ − hρσ
2
∇ρHσµν
)]
, (3.47)
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where indices are raised and lowered with the background metric. The requirement
QVh = 0 therefore imposes the generalised de Donder gauge condition
∇µhµν = 2hµν∂µΦ , (3.48)
as well as the linearised equation of motion
∇λ∇λhµν − 2Rµρσνhρσ −Rλµhλν −Rλνhλµ − hλσHµλαHνσα
− 2 (hµσ∇ν∂σΦ + hνσ∇µ∂σΦ +∇σhµν∂σΦ) = 0 . (3.49)
As desired, this is precisely the linearisation of the symmetric tensor equation from
(2.46) for a metric perturbation, for details of the derivation of this equation see
appendix B.1.
However, we also obtain an antisymmetric constraint from the last line of (3.47):
∇ρhλ[ν Hµ]ρλ − h
ρσ
2
∇ρHσµν = 0 . (3.50)
From a spacetime perspective, this is unexpected: given a symmetric, traceless per-
turbation hµν , one only expects to obtain the symmetric equation of motion (3.49).
The antisymmetric equation (3.50) arises because the background fields {g,H,Φ} are
still treated as fluctuating quantum fields by the worldsheet theory. Indeed, these
background fields are functionals of the worldsheet field Xµ(z), which is a full quan-
tum field contributing to all OPEs.
This means that the perturbation hµν can backreact on the background geometry,
leading to additional constraints. In particular, a metric perturbation sources terms
in the antisymmetric equation of motion for the background fields (2.46)2. At the
level of a spacetime variational problem, this corresponds to evaluating the spacetime
action on {g + h,H,Φ} and varying it with respect to all these fields. Projecting
the resulting equations of motion onto the parts linear in h will yield the symmetric
2The metric perturbation can also source a scalar constraint, but it is easy to see that this
vanishes on the support of the background equations of motion, see appendix B.1.
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equation (3.49) and the antisymmetric equation (3.50) as well as the trivial scalar
constraint.
Consequently, the graviton vertex operator only makes sense in the BRST coho-
mology in the presence of a background metric. When a full NS-NS background is
turned on, QVh = 0 leads to the physical gauge-fixing condition (3.48) and correct
equation of motion (3.49), but also an additional backreaction constraint (3.50). We
will see the resolution of this issue in chapter 3.2.2.4.
3.2.2.2 B-field vertex operator
Consider a B-field perturbation bµν(X), which is anti-symmetric (bµν = b[µν]). As in
the graviton case, initially we seek a vertex operator to describe this perturbation on
a background metric gµν alone. Using consistency with the flat space GSO projection
as a guide, the candidate vertex operator in the fixed picture is:
V
(0)
b =
cc¯
2
δ(γ)δ(γ¯)
(
ψµψν bµν − ψ¯µψ¯ν bµν
)
. (3.51)
It is straightforward to compute the action of the BRST operator Q on V
(0)
b ; since
the operator is a conformal primary of spin zero with a canonical ghost structure,
QV
(0)
b is controlled entirely by the OPEs between the terms in brackets in (3.51) and
the currents G, G¯, H (with Hµνρ = 0 = Φ).
This leads to
QV
(0)
b = cc¯ δ(γ)δ(γ¯)
[
∂γ ψ¯ν ∇µbµν + ∂γ¯ ψν ∇µbµν
+
∂c¯
4
(
ψµψν − ψ¯µψ¯ν) (∇λ∇λbµν − 2Rσµνρbσρ + 2Rσµbνσ) ] . (3.52)
Using the vacuum Einstein equations for the background, QV
(0)
b = 0 imposes the
gauge-fixing constraint
∇µbµν = 0 , (3.53)
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as well as the equation of motion
∇λ∇λbµν − 2Rσµνρ bσρ = 0 (3.54)
on the perturbation. Sure enough, (3.54) is precisely the linearised equation of motion
for a B-field propagating on a vacuum Einstein background.
From our experience with the graviton vertex operator, we know that a B-field
perturbation in a general NS-NS background will source the linearised scalar and
symmetric tensor equations of motion, leading to unwanted constraints on the per-
turbation. Nevertheless, it is instructive to see how this arises by constructing a vertex
operator for the perturbation bµν with a background metric, B-field and dilaton.
It is easy to see that V
(0)
b is no longer correct in this case; we claim that it must
be supplemented by additional terms with non-standard worldsheet ghost structure.
To write these terms down, we must bosonise the worldsheet ghost systems (β, γ)
and (β¯, γ¯) [125]. Let φ be a chiral scalar on the worldsheet, and (η, ξ) be a pair of
fermions of spin +1 and 0, respectively. These fields have OPEs
φ(z)φ(w) ∼ − ln(z − w) , η(z) ξ(w) ∼ 1
z − w, (3.55)
and are related to the ghosts (β, γ) by
γ = η eφ , β = e−φ ∂ξ , (3.56)
using the fact that an exponential of the chiral scalar ekφ has spin −(k + k2
2
). An
additional copy of each system, φ¯, (η¯, ξ¯) is introduced (with identical statistics) for
the (β¯, γ¯) ghost system.
With these bosonised ghost systems, the B-field vertex operator on a general NS-
NS background is given by
Vb = V
(0)
b +O(1)b + O¯(1)b , (3.57)
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where the additional operators are
O(1)b =
cc¯
4
∂c¯ ∂ξ e−2φe−φ¯ ψµHµρσbρσ ,
O¯(1)b =
cc¯
4
∂c¯ ∂ξ¯ e−2φ¯e−φ ψ¯µHµρσbρσ .
(3.58)
The fact that these additional operators are required is perhaps not surprising, since
the background B-field couples to the BRST operator in a manner that is distinctly
different to the background metric.
We must now check the action of the BRST operator on Vb. While QV
(0)
b was
governed entirely by the OPEs between the currents G, G¯ and H, the same is not true
of QVb. This is due to the non-standard ghost structure of O(1)b , O¯(1)b . For instance,
there are now non-trivial OPEs with the structure constant terms in (2.37) that must
be accounted for:
−2b¯γγ¯(z)O(1)b (w) ∼
cc¯e−φ¯η
z − w
ψ¯µH
µρσbρσ
2
+ · · · , (3.59)
−2b¯γγ¯(z)O¯(1)b (w) ∼
cc¯e−φη¯
z − w
ψµHµρσb
ρσ
2
+ · · · , (3.60)
making use of the general rule
e±φ(z) ekφ(w) = (z − w)∓k : e±φ(z) ekφ(w) : (3.61)
for OPEs between exponentials of the chiral scalar. Note that keeping track of con-
tributions from the expansion of e±φ(z) is going to be of crucial importance. Equa-
tions (3.59) and (3.60) cancel algebraic contributions to the OPEs
γ¯G(z)V (0)b (w) ∼ −
cc¯e−φη¯
z − w
(
ψ¯β
(∇αbαβ − 2bαβ∂αΦ)+ ψµHµρσbρσ
2
)
, (3.62)
γG¯(z)V (0)b (w) ∼ −
cc¯e−φ¯η
z − w
(
ψβ (∇αbαβ − 2bαβ∂αΦ) + ψ¯µH
µρσbρσ
2
)
. (3.63)
Similarly, at every stage of this calculation it is crucial to consider all possible con-
tributions from ghosts to the OPEs. Note that contributions from the stress-energy
tensor terms in Q remain trivial, since both O(1)b and O¯(1)b are conformal primaries of
spin zero – despite their non-trivial ghost structure.
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The final result of these calculations is
QVb =
cc¯
4
∂c¯ e−φe−φ¯
[
ψ¯ρψ
σ (Hµαρ(db)µασ +Hµασ(db)
µαρ) + ∂gρσ
(
Hµβρ(db)µβσ
)
+ (ψµψν − ψ¯µψ¯ν) (∇λ∇λbµν − 2Rαµνβbαβ + 2Rαµbνα − 2∂αΦ∇αbµν + 4bαµ∇ν∂αΦ) ]
− cc¯ e−φη¯ψ¯β
(∇αbαβ − 2bαβ∂αΦ)− cc¯ e−φ¯ηψβ (∇αbαβ − 2bαβ∂αΦ)
+
cc¯
12
∂c¯ e−φ ∂e−φ¯Hµνρ(db)µνρ − cc¯
12
∂c¯ ∂e−φ e−φ¯Hµνρ(db)µνρ , (3.64)
where (db)µασ = ∂µbασ + ∂αbσµ + ∂σbµα and all terms proportional to the background
equations of motion (2.46) have been set to zero. As desired, setting QVb = 0 enforces
the gauge condition
∇µbµν = 2bµν ∂µΦ , (3.65)
along with the linearised equation of motion for a B-field perturbation on a NS-NS
background as derived in appendix B.2:
∇λ∇λbµν − 2Rρµνσ bρσ + 2Rσ [µbν]σ − 2∂σΦ∇σbµν + 4bσ[µ∇ν]∂σΦ = 0 . (3.66)
We also obtain additional scalar and symmetric backreaction constraints on the per-
turbation:
Hµ
ρσ (db)νρσ = 0 = H · (db) . (3.67)
So as expected, Vb only makes sense in the BRST cohomology on a purely metric
background.
3.2.2.3 Dilaton vertex operator
In usual superstring theory, the form of the dilaton vertex operator [127] is com-
plicated by the fact that the dilaton couples to the worldsheet action through the
Fradkin-Tseytlin term [93]. A similar mechanism is in play in the ambitwistor string,
visible at the level of the BRST charge through the last term in the matter stress-
energy tensor (2.41). For a scalar perturbation on spacetime ϕ(X), the associated
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ambitwistor string vertex operator is composed of four terms:
Vϕ = O(1)ϕ + O¯(1)ϕ +O(2)ϕ + O¯(2)ϕ , (3.68)
where
O(1)ϕ = −cc¯ ∂c¯ ∂ξ e−2φ e−φ¯ ψµ∂µϕ , (3.69)
O¯(1)ϕ = −cc¯ ∂c¯ ∂ξ¯ e−2φ¯ e−φ ψ¯µ∂µϕ , (3.70)
O(2)ϕ = 2 cc¯ ∂e−φ e−φ¯ ϕ , (3.71)
O¯(2)ϕ = −2 cc¯ e−φ ∂e−φ¯ ϕ . (3.72)
Note that unlike the graviton and B-field vertex operators, (3.68) differs in the flat
space limit from other formulae appearing in the literature [71]. This is due to our
use of a complex fermion system for the spin 1
2
matter fields on the worldsheet, as
opposed to the real fermion system used elsewhere.
Unlike the previous cases, not all constituents of Vϕ are conformal primaries. In
particular, the operators O(2)ϕ and O¯(2)ϕ are not primary, so when calculating QVϕ care
must be taken to account for contributions from their OPEs with stress tensor terms
in the BRST operator. The relevant OPEs are
(cT + bc∂c)(z)O(2)ϕ (w) ∼ −2
c∂c c¯ e−φe−φ¯
(z − w)2 ϕ+ · · · ,
(cT + bc∂c)(z) O¯(2)ϕ (w) ∼ 2
c∂c c¯ e−φe−φ¯
(z − w)2 ϕ+ · · · ,
(3.73)
so the anomalous conformal weight contributions cancel between the two operators.
The non-trivial ghost structure of all four contributions in (3.68) necessitates a
careful treatment of the ghost contributions to the action of the BRST operator. On
a general NS-NS background, the result is
QVϕ = 2cc¯ ∂c¯
(
∂e−φ e−φ¯ − e−φ ∂e−φ¯
)
(∇µ∂µϕ− 2 ∂µΦ ∂µϕ)
− cc¯ ∂c¯ e−φe−φ¯
[(
∂gµν + 2ψ¯µψν
) ∇µ∂νϕ+ 1
2
(
ψµψν − ψ¯µψ¯ν) Hµνσ ∂σϕ] . (3.74)
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Requiring QVϕ = 0 therefore imposes scalar, symmetric and anti-symmetric equations
of motion on the perturbation:
∇µ∂µϕ− 2 ∂µΦ ∂µϕ = 0 (3.75)
∇µ∂νϕ = 0 , Hµνσ ∂σϕ = 0 . (3.76)
As expected, only the scalar equation (3.75) is the desired one; the two tensor equa-
tions (3.76) arise from the backreaction of the scalar perturbation on the metric and
B-field sectors of the background as seen in appendix B.3.
However, the situation for the dilaton vertex operator is worse than for the gravi-
ton or B-field: even with a pure metric background, we still obtain a tensor equation
∇µ∂νϕ = 0, which over-constrains the perturbation. Although the vertex operator
(3.68) gives the correct scalar equation of motion, its inclusion in the BRST coho-
mology enforces unphysical constraints on the spectrum.
3.2.2.4 NS-NS vertex operator
For each of the graviton, B-field and dilaton vertex operators, we have seen that the
associated vertex operator is not in the BRST cohomology of the type II ambitwistor
string on a general NS-NS background. While the graviton (3.37) and B-field (3.51)
vertex operators are BRST-closed on the support of the appropriate linearised field
equations on a pure gravity background, the dilaton operator is only BRST-closed on
the support of additional, unphysical equations for any sector of background fields.
These issues are overcome by combining the graviton, B-field and dilaton vertex
operators into a single NS-NS vertex operator, which simultaneously perturbs each
sector of the background. Indeed, from the spacetime perspective this is much more
natural than exciting a perturbation of one of the fields on its own, since the non-
linear equations of motion (2.46) intertwine all three. This ‘fat graviton,’ sometime
expressed heuristically as hµν ⊕ bµν ⊕ ϕ, is the natural perturbation of the NS-NS
sector of type II supergravity.
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The candidate vertex operator is given by summing together each of three vertex
operators constructed above:
VNS = Vh + Vb + Vϕ , (3.77)
where Vh is given by (3.37), Vb by (3.57), and Vϕ by (3.68). Computing QVNS is
straightforward: We simply add together the results for the BRST operator acting on
each of the three components, (3.47), (3.64) and (3.74). The distinct ghost structures
in the result impose different constraints on the background fields.
From the terms proportional to cc¯e−φη¯ and cc¯e−φ¯η, we obtain the gauge conditions
∇µhµν = 2hµν ∂µΦ , ∇µbµν = 2 bµν ∂µΦ . (3.78)
Terms proportional to cc¯∂c¯e−φe−φ¯ encode tensorial equations of motion. The sym-
metric equation, which appears contracted into (2ψ¯(µψν) + ∂gµν), is
∇λ∇λhµν − 2Rµρσν hρσ − 2Rλ(µ hν)λ − hρσHµρλHνσλ
− 4
(
hσ(µ∇ν)∂σΦ + 1
2
∇σhµν ∂σΦ
)
+Hρσ(µ (db)ν)
ρσ − 4∇(µ∂ν)ϕ = 0 , (3.79)
while the anti-symmetric equation, which appears contracted into (ψµψν − ψ¯µψ¯ν), is
∇λ∇λbµν − 2Rρµνσ bρσ + 2Rσ [µ bν]σ + 4
(
bσ[µ∇ν]∂σΦ− 1
2
∇σbµν ∂σΦ
)
+ 2∇ρhσ[ν Hµ]ρσ − hρσ∇ρHσµν − 2Hµνσ ∂σϕ = 0 . (3.80)
Finally, a scalar equation of motion
∇µ∂µϕ− 2∂µΦ ∂µϕ− H · db
24
= 0 (3.81)
is imposed by terms proportional to the ghost structure cc¯∂c¯(e−φ∂e−φ¯ − ∂e−φe−φ¯).
Sure enough, equations (3.78) are the generalised de Donder gauge conditions for
graviton and B-field perturbations, while equations (3.79) – (3.81) are precisely the
linearised equations of motion for the NS-NS sector of type II supergravity as obtained
in appendix B. Thus, VNS is in the BRST cohomology of the type II ambitwistor
string if and only if it encodes a physical, on-shell perturbation for the NS-NS sector
of supergravity on spacetime.
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3.2.3 Discussion
In this chapter, we found vertex operators for the heterotic and type II ambitwistor
strings with curved background fields. In the heterotic case, we gave the gluon vertex
operator on any Yang-Mills background: BRST closure imposes the physical equa-
tions of motion and gauge-fixing constraint on the gluon perturbation. For the type
II model things are more subtle. In a pure gravity background, we found graviton
and B-field vertex operators which are BRST closed when the appropriate physi-
cal constraints are imposed on the perturbations. On a general NS-NS background
(composed of a metric, B-field and dilaton), a fully consistent vertex operator is
given by simultaneously encoding perturbations to all three sectors. BRST closure
then imposes the appropriate physical constraints on these perturbations, given by
the linearised equations of motion and a generalised de Donder gauge.
The fact that these vertex operators can be determined exactly – without re-
course to any background field expansion – points to a significant difference between
ambitwistor string and ordinary string theory, where such calculations on a general
background would be impossible. It should be noted that a generalisation of the ver-
tex operators given here allows for any gauge-fixing condition on the perturbations –
the procedure is a straightforward extension of what is done on a flat background [71].
The Lorenz or (generalised) de Donder conditions obtained here are, in a sense, the
‘minimal’ such gauge-fixing constraints.
Of course, one hopes to use these vertex operators to compute physical observables
in non-trivial backgrounds. At three-points, this requires knowing the operators in
both the fixed (i.e., negative picture number) picture emphasised here, as well as the
descended vertex operators (i.e., picture number zero). In the heterotic theory, the
descended vertex operator (3.36) is easy to obtain through the standard procedure or
linearising the constraint H.
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In the type II case, one can again follow the standard procedure by colliding VNS
with the picture changing operators δ(β¯)G and δ(β)G¯, respectively. Some terms in the
resulting operator will be Q-exact and not contribute to correlation functions; these
pure gauge contributions can be isolated by applying the picture changing operators in
different order, and then comparing the results. Equivalently, the descended vertex
operator can be computed by linearising the H current (2.40) around the chosen
background.
On a general NS-NS background, the resulting vertex operator is complicated,
but in highly symmetric backgrounds (usually those of interest for perturbative cal-
culations) the descended vertex operator can be quite tractable. For instance, the
three-point graviton amplitude on a vacuum plane wave spacetime has been com-
puted directly from ambitwistor strings [4], as we will see in chapter 4.2. We expect
the descent procedure to be manageable enough for explicit calculation of 3-point
functions around other highly symmetric backgrounds.
To obtain genus zero, n-point worldsheet correlations functions (for n > 3), the
analogue of descent with respect to the H current must be understood. In flat back-
grounds, where Hflat = Π2, this procedure is understood and leads to the appear-
ance of the scattering equations [48,49,52]. However, on general backgrounds H has
complicated X-dependence which obstructs a straightforward evaluation of the path
integral. In deformations of the ambitwistor string, where H has X-dependence even
in flat backgrounds, it is still not understood how to perform descent with respect to
H [60, 66, 67]. Clearly, a resolution of this issue is required if ambitwistor strings are
to be a useful tool in the study of perturbative QFT on curved backgrounds.
Finally, we note that the fate of the GSO projection (which ensures that the
spectrum of the type II ambitwistor string is equivalent to that of type II supergravity)
in curved space remains unclear. Indeed, in the graviton vertex operator (3.37) the
term proportional to a worldsheet derivative does not obey the na¨ıve GSO projection,
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but is clearly required to ensure that QVh = 0 yields covariant equations. Other terms
in the B-field and dilaton vertex operators also na¨ıvely seem to be in the GSO-odd
sector, but dropping them yields non-covariant or unphysical (algebraic and first
derivative) equations of motion.
One potential way to address the issue of the GSO projection is to formulate
the curved space worldsheet theory with two real fermion systems, rather than the
complex fermion system used here. The price to pay is that the action is no longer free
and a true background field expansion must be used. OPEs would be calculated order-
by-order in perturbation theory, but we expect that calculations of the nilpotency of
Q and Q-closure of vertex operators will become trivial after a certain low loop order.
This follows from the fact that the non-perturbative calculations using the complex
fermion model give only a finite number of low order poles in the OPEs.
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Chapter 4
Scattering on plane waves
4.1 Results from quantum field theory in curved
spacetimes
The double copy is a precise conjecture about how, in a specific class of represen-
tations, momentum space formulae for gravity scattering amplitudes are related to
those of gauge theory. This is known to be true at tree level. While there is currently
no general proof at higher loop orders in perturbation theory, a growing body of ev-
idence suggests that the double copy also holds at loop level, at the time of writing
up to 5 loops. The remarkable success of the double copy prescription has led to
an oft-repeated slogan in the amplitudes community: Gravity = (Gauge Theory)2.
Despite the vast array of evidence, the geometric and fully non-linear origins of the
double copy remain mysterious. Most clear proofs thus far are expressed in momen-
tum space for perturbations around a flat background. While first examples of the
double copy at the level of classical non-linear solutions in gauge theory and gravity
have been explored, this work is restricted to algebraically special solutions and does
not probe dynamics in the same way as scattering amplitudes.
In this chapter, first published in [3], we address the question as to whether the
double copy relationship between gauge theory and gravity holds for perturbation the-
ory on curved backgrounds. To do this, we consider the simplest curved backgrounds
for which there is a well-defined notion of S-matrix: sandwich plane waves [104].
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These are metric or gauge field backgrounds which are flat in the asymptotic past
and future in generic directions but contain a compactly supported region of curva-
ture. This curvature can be thought of as a burst of unidirectional radiation (gravi-
tational or electromagnetic) which is turned on and then switched off at some finite
retarded times. The possibility of scattering on a plane wave background may seem
controversial in light of the fact that such spacetimes are not in general globally hy-
perbolic [102]. Nevertheless, we will see that the evolution of massless fields is unitary
without leakage, so the S-matrix does indeed make sense.
The relationship Gravity =(Yang Mills)2 is already nicely manifest in the underly-
ing gravitational and electromagnetic plane waves, written in Brinkmann coordinates.
With coordinates Xµ = (u, v, xa), a = 1, . . . , d−2, the Brinkmann form of the metric
is Kerr-Schild, given by
ds2 = ds2flat −Hab(u)xa xb du2 , where ds2flat = 2du dv − δab dxadxb ,
whereas the corresponding electromagnetic potential is
A = F (u)a x
adu ,
so that the metric perturbation from flat space is naturally a sum of terms of the form
A  A. Here Hab(u) and Fa(u) are curvatures and are freely prescribable functions
of u subject to Hab being trace-free for the Einstein equations to be satisfied (this
restriction disappears if a dilaton is allowed).1 For a sandwich wave, Hab and Fa are
supported in some interval u ∈ [u1, u2] so that spacetime and connection are flat for
u→ ±∞. For both types of plane wave we will see that it is possible to find complete
sets of polarisation states for in and out momentum eigenstates for linear massless
fields of integral spins.
1Note that this classical double copy differs from that for the more general Kerr-Schild pp-waves
considered in [29]. There, if the Maxwell field is φkµ, the metric is ds
2
flat + φkµkν where kµ is a null
vector and φ a solution to the transverse wave equation. Such solutions can often be considered to be
longitudinal with φ playing the role of a Coulomb-like source term that is analogous to a propagator
and therefore not squared. We consider plane waves with a radiative Maxwell term, so the whole
Maxwell field must be squared to obtain a gravitational field.
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The flat ‘in’ and ‘out’ regions of sandwich plane waves allow us to define the S-
matrix. We focus on the special case of 3-point amplitudes; remember that in flat
space, this is where the slogan Gravity = (Gauge Theory)2 of the double copy is
literally [8]:
Mflat3 =
(Aflat3 )2 ,
where Mflat3 and Aflat3 are the 3-point gravity and gauge-theory amplitudes in Min-
kowski space, stripped of overall momentum conserving delta functions and coupling
constants. Hence, we expect that if there is a notion of double copy which holds in
curved backgrounds, it should be most easily found at the level of 3-point amplitudes
for which propagators are not yet required.
We consider such 3-point amplitudes for scalars, gauge theory and gravity on a
gravitational plane wave background, and for charged scalars and gauge theory on
a Yang-Mills plane wave background in any number of spacetime dimensions. In
each case, the computation reduces to an integral which depends on the background
field; it turns out that the integrand2 of the resulting expression carries sufficient
information to determine if there is a double copy.
We find that the 3-point amplitudes for gluons on a plane wave gauge background
and for gravitons on plane wave spacetimes have two parts written symbolically as
Apw3 = F + C , Mpw3 = F2 − C .
Here, F is precisely the flat spacetime integrand for three gluon scattering, whereas F
is the 3-gluon integrand on the gravitational plane wave background. Thus, there is a
correction term between the square of the gluon 3-point amplitude and the graviton
3-point amplitude on a plane wave metric. The flat space F can be mapped to F
after some replacements of momenta and polarisation vectors by their curved (and
non-constant) counterparts. These replacements are non-local on spacetime and are
2This ‘tree level integrand’ is the equivalent of ‘stripping off momentum conserving delta func-
tions’ in the flat space amplitudes.
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fixed by finding solutions to the Hamilton-Jacobi equations that allow one to bring
momentum eigenstates into the interior of spacetime from future or past infinity in
the curved case. That it is non-local on a curved spacetime is not a surprise as the
double copy is only expressed locally on momentum space.
The correction terms C and C arise from the ‘tails’ formed by the linearised free
fields backscattering off the background. Scalar waves propagate cleanly on a plane
wave background subject to Huygens’ principle [128], but spin one and spin two do
not [129]. The tails of momentum eigenstates in the past pick up terms encoding the
‘memory’ of the field through which they have passed (i.e., the integral of the field
strength in the electromagnetic case). Remarkably, we find that C2 → C with an
extension of the same replacements used to relate F and F .
Define A˜3 = F − C to be the gluon 3-point integrand on a gauge background
with flipped sign (or colour charge) for the background gauge field, and let ρ to
be the replacement maps from flat to curved kinematics and gauge to gravitational
background fields. Then our double copy can be written as
M3 = ρ(A3A˜3).
This is strong evidence that a notion of double copy persists more generally in the
presence of background curvature.
Our formulae therefore also allow a study of the memory effect for plane waves
on the amplitude. The key ingredient in the integrand is a vielbein whose non-trivial
change from past to future exemplifies the memory effect [105–107], which has been
studied in detail for sandwich plane waves (e.g., [108, 109]). For a charged field on a
gauge background, it gives a momentum shift from past to future infinity proportional
to the integral of the field. On a gravitational background, the linear planes that are
wave fronts of a standard momentum eigenstate in the past become diverging quartic
surfaces, Dupin cyclides, in the future [128]. This memory effect will also give rise to
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new infrared divergences that have been studied in the case of a charged field on an
electromagnetic plane wave background [112,130].
Non-linear plane wave backgrounds for both gravity and gauge theory have been
reviewed in chapter 2.2. Free fields on these backgrounds are constructed in chap-
ter 4.1.1, where we also confirm that (for scalars, gauge theory and gravity) the
S-matrix for these states is well-defined in the sense that scattering is unitary and
there is no particle creation. We close this chapter with a brief discussion of Huy-
gens’ principle and tails. Chapter 4.1.2 contains the calculation of 3-point amplitudes
and integrands for scalars, gauge theory and gravity on the gravitational plane wave
background; chapter 4.1.3 contains the analogous calculations for charged scalars and
Yang-Mills theory on a background plane wave gauge field. In chapter 4.1.4, these
two calculations are mapped onto each other; this map defines the double copy for
3-point amplitudes on plane wave backgrounds. We also show how the gauge theory
3-point functions on the two backgrounds are related by a double copy map which
acts only on the background. Chapter 4.1.5 concludes. In appendix D, we provide
explicit amplitude formulae for the special case of the impulsive plane wave back-
ground. Appendix C contains the operational definitions of tree level amplitude and
integrand used throughout the chapter.
4.1.1 Free fields on plane wave backgrounds and inner prod-
ucts
Amplitudes in flat space are functionals of free fields and are usually expressed as
functions of momenta after being evaluated on momentum eigenstates. In curved
space, such solutions are not so obviously available and it is here that we must use the
special structure of plane waves. Friedlander showed that Huygens’ principle remains
valid for the scalar wave equation in plane wave spacetimes: there exist solutions with
delta-function support on null hypersurfaces through every null direction [128]. These
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null hypersurfaces are level surfaces of solutions to the Hamilton-Jacobi equation,
which provide curved space analogues of the function k · X for null vectors k in
Minkowski space.
Such functions provide analogues of momentum eigenstates, and also lead to inte-
gral formulae for general solutions to the wave equation [131]. Generalising [129], we
can raise the spin to obtain free fields of spin one and two with arbitrary polarisations,
but Huygens’ principle no longer holds and tails appear. Furthermore, a consequence
of the memory effect will be that, unlike in flat spacetime, a momentum eigenstate
in the past will not evolve into one in the future. Nevertheless, we can show that,
despite the lack of global hyperbolicity of plane waves [102], the scattering problem is
well-defined on a plane wave background, featuring unitary evolution without leakage
or particle creation.
4.1.1.1 Scalar wave equation
The plane progressing waves of Friedlander are obtained from solutions to the Hamil-
ton-Jacobi equation for null geodesics
gµν(∂µφ)(∂νφ) = 0 ,
such that arbitrary functions of φ satisfy the wave equation (when multiplied by a
fixed pre-factor). Solutions are most easily obtained in Einstein-Rosen coordinates
where they can be separated using the explicit symmetries leading to
φk = k0 v + ki y
i +
kikjF
ij(U)
2 k0
,
where (k0, ki) are constants and F
ij =
∫
γij(s)ds as in (2.60). The wave equation in
Einstein-Rosen coordinates is
1√−|g|∂µ
(√
−|g| gµν ∂ν Φ
)
=
(
2∂U ∂V + (∂U
√
γ)∂V − γij∂i ∂j
)
Φ = 0 , (4.1)
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and it can be seen directly that this is solved by [128,131]
Φ(X) = Ω(U) eiφk , Ω(U) := |γ−1(U)|1/4 = |E(u)|− 12 , (4.2)
In Brinkmann coordinates, the wave equation is(
2∂u ∂v +H(u,x) ∂
2
v − ∂a ∂a
)
Φ = 0 , (4.3)
and of course this is solved by the same Φ. Using (2.56), it can be expressed in
Brinkmann coordinates as:
φk :=
k0
2
σab x
axb + kiE
i
a x
a + k0 v +
ki kj
2 k0
F ij , (4.4)
with F ij(u) and (k0, ki) as before, and σab = E˙
i
aEb i the deformation tensor defined
by (2.58). The natural momentum associated with φk is:
Kµ dX
µ := dφk =
k0 dv +
(
k0
2
σ˙bc x
bxc + kiE˙
i
bx
b +
kikj
2k0
γij
)
du+ (kiE
i
a + k0 σabx
b)dxa . (4.5)
Although Kµ is a (u, x
a)-dependent generalisation of the constant momentum familiar
from flat space, it is nevertheless null by construction from the Hamilton-Jacobi
equation. To see this explicitly, note that σ˙bc = E˙
i
bE˙c i −Hbc.
The solutions Φ = Ωeiφk clearly reduce to on-shell momentum eigenstates when
the background is Minkowski space, and hence can be chosen to do so in one or the
other asymptotic region. We can use this to characterise in and out scattering states
in terms of φk: An in state Φ
− is one which looks like a plane wave eik·X in the
in-region (u < u1), while an out state Φ
+ looks like a plane wave in the out-region
(u > u2). This comes down to requiring the vielbein to become trivial in the past or
the future:
lim
u→±∞
Ea±i (u) = δ
a
i . (4.6)
In terms of the solution to the Hamilton-Jacobi equations, φk, the distinction becomes:
φ−k |in = k0 v + kiδia xa + u δij
kikj
2k0
= φ+k |out . (4.7)
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The positive frequency condition on these states is simply that k0 ≥ 0.
Even at the level of the free theory, some interesting facts about the S-matrix on
a plane wave spacetime can be derived by making use of the natural inner product
between two solutions to the free equation of motion. This uses complex conjugation
to turn the standard symplectic form on the space of solutions of the wave equation
into an inner product:
〈Φ1|Φ2〉 = i
∫
Σ
(
Φ1 ∧ ∗dΦ¯2 − Φ¯2 ∧ ∗dΦ1
)
, (4.8)
where Σ is an arbitrary Cauchy surface. Plane wave spacetimes do not admit a
Cauchy hypersurface [102], but one can instead choose the foliation by hypersurfaces
Σu of constant u. In this case, the inner product gives:
〈Φ1|Φ2〉 = i
∫
Σu
dv dd−2x
(
Φ1 ∂vΦ¯2 − Φ¯2 ∂vΦ1
)
, (4.9)
evaluated at some fixed u.
Consider the inner product between two positive frequency in states, say Φ−1 and
Φ−2 with constant momentum components {k0, ki} and {l0, li} respectively. Using
(4.9), this gives
〈Φ−1 |Φ−2 〉 = 2 k0 δ(k0 − l0) δd−2(ki − li) , (4.10)
with all u-dependence dropping out. As desired, the evolution problem underlying
the scattering theory is unitary, since there is no ‘leakage’ of momentum – at any
value of u – between the two in states.
Similarly, the inner product between a positive frequency in state and a negative
frequency out state (namely 〈Φ+1 |Φ¯−2 〉) encodes the presence of ‘particle creation’ in
the plane wave background. Without loss of generality, the inner product can be
evaluated at u = 0 > u2, leading to:〈
Φ+1 |Φ¯−2
〉
= δ(k0 + l0) (k0 − l0) Ω−(0)
∫
dd−2x exp
[
i
(
l0
2
σ−ab(0)x
axb
+(ka + liE
− i
a (0))x
a +
lilj
2l0
F ij− (0)
)]
. (4.11)
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However, the assumption of positive frequency means that k0 + l0 ≥ 0, so on the
support of the overall delta function this inner product vanishes:
〈
Φ+1 |Φ¯−2
〉
= 0 , (4.12)
confirming the well-known result that there is no particle creation for scalar QFT in
plane wave spacetimes [132, 133]. Equivalently: positive frequency in states do not
develop a negative frequency part in the out-region.
The final independent inner product is between positive frequency in and out
states, 〈Φ+1 |Φ−2 〉. This quantity encodes the amplitude for in-to-out scattering in the
plane wave spacetime [133]. The inner product can again be evaluated at u = 0:
〈Φ+1 |Φ−2 〉 = 2 k0 δ(k0 − l0) e−isl Ω−(0)
×
∫
dd−2x exp
[
i
(
(ka − liE− ia (0))xa −
l0
2
σ−ab(0)x
axb
)]
, (4.13)
where the (constant) phase sl is defined as
sl :=
li lj
2l0
F ij− (0) .
Now, by (2.59) it follows that
E−ia(u) = u bia + cia , ∀u > u2 , (4.14)
where b, c are constant, invertible (d− 2)× (d− 2) matrices. This leaves a Gaussian
integral to do in (4.13), with the result:
〈Φ+1 |Φ−2 〉 = 2 k0
(
2pi
i l0
) d−2
2
δ(k0 − l0) e
−i(sl+rk,l)√|b| , (4.15)
after using the fact that Ω−(0) =
√|c−1| and defining another phase
rk,l := − 1
2l0
(ka − licia) cak(b−1)bk (kb − ljcjb) .
As expected, this matches the result in the literature [133].
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4.1.1.2 Spin one
The action for free gauge fields propagating on a plane wave spacetime is
Sfree[A] =
1
g2
∫
M
du dv dd−2x tr
(∇[µAν]∇µAν) , (4.16)
where Aµ is the gauge field and ∇ the Levi-Civita connection. We will see that on a
plane wave it is consistent to simultaneously impose both a Lorenz gauge ∇µAµ = 0
and a light-cone gauge Av = 0, since ∂v is Killing. With this, the linearised equations
of motion for the gauge connection are
gρσ∇ρ∇σAµ = 0 , ∂µAµ = 0 = Av . (4.17)
These can be solved using the d− 2 spin-raising operators
Ra := du δab ∂
∂xb
+ dxa
∂
∂v
, (4.18)
where the free index labels different possible polarisation states. As tensors, the
Ra are covariantly constant. Acting on a solution to the wave equation, Φ, it is
easily checked that RaΦ satisfies (4.17), so Ra is naturally a spin-raising operator
(this generalises the four-dimensional, twistorial approach in [129]). Thus with Φ the
scalar wave (4.2) we construct the free gauge field
Aµ dX
µ =
1
k0
aRaΦ = 1
k0
aRa
(
Ω eiφk
)
, (4.19)
where φk and Ω are as before and the polarisation vector 
a is constant. We can also
define a ‘curved’ εµ so that
Aµ = εµ Φ , where εµ dX
µ = a
(
kj
k0
Eja + σab x
b
)
du+ a dx
a . (4.20)
This satisfies the free equation of motion and gauge-fixing conditions. Similarly to
its flat space counterpart, the curved polarisation vector obeys
ε ·K = gµνεµKν = 0 , (4.21)
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where K is as defined in (4.5). In the flat space limit, Aµ reduces to a standard
linearised plane wave εflatµ e
ik·X , with the non-trivial constant components of εflatµ being
a.
In and out states are defined in the same way as for the scalar: an in state looks
like a Minkowski plane wave in the in-region, while an out state looks like a Minkowski
plane wave in the out-region.
As in the scalar case, an inner product on free gauge fields is induced by the
boundary term of the action [134]. Restricted to a constant u hypersurface, this
inner product is:
〈A1|A2〉 := i
∫
Σu
dv dd−2x
(
Aµ1 F¯2 vµ − A¯µ2 F1 vµ
)
, (4.22)
which is easily used to compute the three cases of interest. Assuming positive fre-
quency for all (un-conjugated) fields, one finds:
〈
A−1 |A−2
〉
= 2 k0 1 · 2 δ(k0 − l0) δd−2(ki − li) , (4.23a)〈
A+1 |A¯−2
〉
= 0 , (4.23b)〈
A+1 |A−2
〉
= 2 k0
(
2pi
i l0
) d−2
2
1 · 2 δ(k0 − l0) e
−i(sl+rk,l)√|b| , (4.23c)
where 1 · 2 = a1b2δab and the phases sl, rk,l are the same as the scalar case. Unsur-
prisingly, (4.23) indicate that the evolution problem is unitary and that there is no
particle creation for gauge fields propagating on the plane wave spacetime.
4.1.1.3 Spin two
Finally, consider linearised metric fluctuations hµν on the plane wave background.
Assuming that the background is a solution to the vacuum Einstein equations and
choosing a transverse-traceless gauge for the perturbations
∇µhµσ = 0 = hµµ , (4.24)
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the linearised Einstein equation is:
∇σ∇σhµν − 2Rρµνσ hσρ = 0 , (4.25)
with Rρµνσ the background curvature tensor. For a vacuum plane wave in Brinkmann
coordinates (i.e., Haa = 0), the gauge for hµν can be further fixed by requiring the
vanishing of the v-components hvµ = 0. With these conditions, the linearised equation
is:
gµν∂µ∂νhρσ + 4 δ
u
(ρ∂|v|hσ)aH
a
b x
b − 2 δuρδuσ Hab hab = 0 , (4.26)
where all Christoffel symbols have been written out explicitly in Brinkmann coordi-
nates as given in equation (2.52).
Solutions to (4.26) can be constructed by acting on the massless scalar twice with
the spin-raising operator (4.18). This leads to:
hµν dX
µ dXν =
1
k20
aRa
(
bRb Φ
)
=
(
(ε · dX)2 − i
k0
ab σ
abdu2
)
Φ , (4.27)
where a is chosen to be null with respect to δ
ab to ensure that the gauge condition
hµµ = 0 is obeyed. Note in particular the ‘tail’ term proportional to ab σ
ab: unlike in
Minkowski spacetime, metric perturbations on a plane wave background do not carry
a polarisation which is simply the ‘square’ of a gauge field’s polarisation. The reason
for this is that the second spin raising operator in (4.27) acts not only on the scalar
solution (which contributes a second copy of εµ) but also on the first spin raising
operator (or equivalently, on the first copy of εµ, which – unlike in Minkowski space
– is not a constant vector).
Thus the perturbative double copy for plane wave backgrounds involves subtleties
not present in Minkowski space. For linear perturbations around flat space, hµν ∼
AµAν for momentum eigenstates, whereas in plane wave spacetimes we have hµν ∼
Aµ  Aν + Cµν , with correction Cµν given by the last term proportional to σab in
(4.27).
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The boundary term in the linearised Einstein-Hilbert action induces an inner
product on metric fluctuations [134]:
〈h1|h2〉 = i
∫
Σu
dv dd−2x
(
hµσ1 ∂vh¯2µσ − h¯µσ2 ∂vh1µσ
)
. (4.28)
Once again calculating the inner products between incoming and outgoing states
gives: 〈
h−1 |h−2
〉
= 2 k0 (1 · 2)2 δ(k0 − l0) δd−2(ki − li) ,〈
h+1 |h¯−2
〉
= 0 ,〈
h+1 |h−2
〉
= 2 k0
(
2pi
il0
) d−2
2
(1 · 2)2 δ(k0 − l0) e
−i(sl+rk,l)√|b| . (4.29)
So despite the ‘correction’ term in hµν , the physical properties of unitary evolution
and no particle creation are preserved.
4.1.1.4 Charged free fields in plane wave gauge fields
Although we assume that the background gauge potential in (2.71) is valued in the
Cartan algebra3, it couples non-trivially to free fields which are charged under the
gauge group. Consider a free, charged scalar:
Sfree[Φ] =
1
2
∫
du dv dd−2xDµΦDµΦ , (4.30)
where Dµ = ∂µ − ieAµ, with Aµ the background gauge field (2.71) and e the charge
of Φ. In the first instance, we will take e to be a standard U(1) charge, but more
generally, A takes values in the Cartan subalgebra of some gauge group, Φ in some
root space, and e will then be the corresponding root and eA the corresponding
contraction with A encoding the commutator. The free equation of motion for the
charged scalar is thus
DµD
µΦ(X) =
(
2∂u ∂v − ∂a ∂a − 2ixae A˙a ∂v
)
Φ(X) = 0 . (4.31)
3The Cartan case was considered in [3] because the amplitudes there were originally calculated
as a check for the ambitwistor string results of [4]. When the latter paper was written, it was not
yet known how to couple heterotic ambitwistor strings to non-abelian background gauge fields, this
issue was only resolved later in [1]. There is no deeper reason for working with this restriction here.
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Solutions to this ‘charged’ wave equation are given by:
Φ(X) = ei φ˜k , (4.32)
where
φ˜k = k0 v + (ka + eAa)x
a +
1
2 k0
f(u) . (4.33)
The function f(u) is the analogue of the F ij(u) which appeared in the gravitational
case:
f(u) :=
∫ u
ds (ka + eAa(s)) (k
a + eAa(s)) . (4.34)
When the background gauge field is turned off, it is easy to see that these solutions
become the usual momentum eigenstates of Minkowski space.
The natural momentum associated with these scalars is defined by
Kµ dX
µ := −ie−iφ˜k Dµ eiφ˜k dXµ
= k0dv +
1
2 k0
(ka + eAa)(k
a + eAa)du+ (ka + eAa)dx
a . (4.35)
The components of Kµ are functions of u, but it is easy to see that this momentum
is null.
The distinction between in and out states for the charged scalar is in direct analogy
with the definitions on the gravitational background. An incoming state is one which
looks like a Minkowski plane wave in the in-region, while an outgoing state looks like
a Minkowski plane wave in the out-region. This distinction manifests itself in the
boundary conditions on A:
lim
u→±∞
A±a (u) = 0 . (4.36)
Note that unlike the massless scalar in the gravitational background, the exponential
dependence on xa for the charged scalar is at most linear in any region.
The inner product on the charged scalars is given by
〈Φ1|Φ2〉 = i
∫
Σu
dv dd−2x
(
Φ1 ∂vΦ¯2 − Φ¯2 ∂vΦ1
)
, (4.37)
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and once again there are three inner products of physical interest. These are:〈
Φ−1 |Φ−2
〉
= 2k0 δ(k0 − l0) δd−2(ka − la) ,〈
Φ+1 |Φ¯−2
〉
= 0 ,〈
Φ+1 |Φ−2
〉
= 2k0 δ(k0 − l0) δd−2(ka − la + ca) ei s˜l , (4.38)
where ca is the inner product of A
−
a (0) in the Cartan subalgebra with the charge of
the field. The momentum conservation then indicates the ‘kick’ received by the field
from the memory effect. The phase s˜l is defined by
s˜l :=
f−(0)
2 l0
.
The equations (4.38) indicate that the classical S-matrix associated with this charged
scalar is unitary with no particle production.
4.1.1.5 Spin one on a gauge background
The linearised equation of motion for a gauge field aµ charged under the same gauge
group as the background Aµ is:
Dµ (D
µaν −Dνaµ) + aµ (∂µAν − ∂νAµ) = 0 . (4.39)
Solutions to this equation are simplified by choosing a Lorenz gauge Dµa
µ = 0 along
with4 av = 0; the latter condition actually reduces the Lorenz condition to ∂µa
µ = 0.
Solutions are then found by acting on the charged scalar solution with Ra as before
in the gravitational case. This leads to
aµ dX
µ = ˜a
(
dxa +
1
k0
(ka + eAa) du
)
eiφ˜k , (4.40)
where ˜a is a (constant) (d− 2)-dimensional vector which we will take to be null. As
in the gravitational case, we define a polarisation d-vector ε˜µ as
ε˜µ dX
µ = ˜a
(
dxa +
1
k0
(ka + eAa) du
)
. (4.41)
4This is of course not possible on a general background, but is possible here because ∂v is a
symmetry.
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This polarisation is on-shell in the sense that K · ε˜ = 0.
With these gauge choices, the inner product is essentially equivalent to (4.22)
giving:
〈
a−1 |a−2
〉
= 2k0 ˜1 · ˜2 δ(k0 − l0) δd−2(ka − la) ,〈
a+1 |a¯−2
〉
= 0 ,〈
a+1 |a−2
〉
= 2 k0 ˜1 · ˜2 δ(k0 − l0) δd−2(ka − la + ca) ei s˜l . (4.42)
So we again have a unitary classical S-matrix with no particle creation, as before.
4.1.1.6 Huygens’ principle and tails
The wave equation in flat and plane wave spacetimes satisfies Huygens’ principle [128].
In intuitive terms, the principle states that waves can propagate in all directions with-
out scattering off the background metric and generating a tail. The sharp definition
is that there should exist solutions to the wave equation with delta-function support
along null hypersurfaces tangent to every null direction through every point. These
are simply given in the above by Ω δ(φk − c) where c is a constant.
This principle fails for linear fields of spin one and spin two [129], however. We
can construct these fields by spin raising as above. At spin one, to get a field with
delta function support along φk = 0, we must start by raising the spin of a solution
to the scalar wave equation of the form Ωφk Θ(φk) where Θ is the Heaviside step
function. With this, the corresponding spin-one potential is
A = Θ(φk)
a
k0
Ra (Ωφk Θ(φk)) = Ω a
(
dxa +
(
kj
k0
Eja + σabx
b
)
du
)
Θ(φk) ,
and the field strength is
F = dA = δ(φk) Ω 
a
(
dxa +
(
kj
k0
Eja + σabx
b
)
du
)
∧ dφk
+ Θ(φk) Ω 
a
(
σab dx
b ∧ du− σbb dxa ∧ du
)
. (4.43)
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We see that the field strength has developed a tail in the second line, which is not
supported at φk = 0. This tail can be thought of as the consequence of the interaction
between the impulsive electromagnetic field and the gravitational background. There
is a similar story for the spin-two field where one starts with Φ = φ3k Θ(φk).
In these examples, the tail is proportional to the shear of the ∂U null geodesic
congruence (i.e., trace-free part of σab). So tails are generally identified by the part
of the field in which the shear appears explicitly. In the free solutions constructed
above, terms contributing to the tails are readily identified: σab x
bdu from ε · dX at
spin one and two, and the spin two correction term C = − i
k0
abσ
abdu2. However, we
will see that the contributions to the tail from εµ alone actually drop out of amplitude
calculations. So for spin one fields on a plane wave spacetime, the tail terms do not
effect the amplitude – even though they appear explicitly in the scattering states.
This observation is perhaps related to a different definition of tails for the prop-
agation of gauge fields on a plane wave spacetimes, in terms of a Green’s function
in [135,136]. That discussion does not give tails for gauge fields but does for graviton
propagation [137], and indeed we will see that it is the extra correction term C that
is important for graviton amplitudes.
Note that this treatment of tails does not simply extend to fields propagating on
the gauge theory plane wave background because we cannot simply obtain solutions
from arbitrary functions of Φ˜ as it now has charge. So, in the gauge background
case, we will simply take the tail to be those terms in a curved polarisation vector
that depend explicitly on the potential A. This is consistent with the fact that such
potential terms encode the memory in the asymptotic regions via (2.73), just as the
deformation tensor σab does on a gravitational background.
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4.1.2 3-point amplitudes on the gravitational background
We now consider the 3-point amplitudes of scalars, gauge fields and gravitons on
the gravitational sandwich plane wave background. In each case, this calculation is
performed by evaluating the cubic part of the action on solutions to the linearised
equations of motion on the background. For each theory, the amplitude formulae
are presented in terms of an integral over the u variable (in Brinkmann coordinates),
which cannot be done explicitly for general spacetimes. Stripping off the integration
underlying the action integral, together with the three Φs associated with the three
on-shell fields, we are left with a tree level integrand expression which is sufficient for
exploring the double copy structure of the amplitudes. See appendix C for further
discussion of the scattering amplitudes and tree level integrand.
4.1.2.1 Scalars
Consider the cubic scalar theory
S[Φ] =
1
2
∫
M
du dv dd−2x
(
gµν∂µΦ ∂νΦ− λ
3
Φ3
)
, (4.44)
where gµν is the inverse of the plane wave metric (2.50) in Brinkmann coordinates.
The 3-point amplitudes of interest are given by evaluating the cubic portion of the
action5
− λ
6
∫
M
du dv dd−2xΦ1(X) Φ2(X) Φ3(X) , (4.45)
where Φr(X) are solutions to the linearised equations of motion of (4.44) for r =
1, 2, 3. When evaluating (4.45), there are basically two distinct configurations which
need to be considered: three in states, or one out and two in states (the other con-
figurations are easily related to these).
5A similar calculation has been done for scalar contact interactions of arbitrary valence in certain
homogeneous plane wave backgrounds [138].
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The case when all three states are incoming is the easiest. This gives
− λ
6
∫
M
du dv dd−2xΦ−1 (X) Φ
−
2 (X) Φ
−
3 (X)
= −λ
6
δd−1
(
3∑
r=1
kr
)∫
du |E−| (Ω−)3 exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
= −λ
6
δd−1
(
3∑
r=1
kr
) ∫
du√|E−| exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
. (4.46)
where
δd−1
(
3∑
r=1
kr
)
:= δ
(
3∑
r=1
kr 0
)
δd−2
(
3∑
r=1
kr i
)
.
The delta functions arise from performing the integrations in dv and dd−2x, with |E−|
an overall Jacobian factor appearing in the second line. Using the relationship (4.2)
between Ω(u) and |E|, the various u-dependent factors left inside the integral can be
slightly simplified in passing to the third line.
The other configuration is a bit more complicated. In this case one has
−λ
6
∫
M
du dv dd−2xΦ−1 (X) Φ
−
2 (X) Φ
+
3 (X) = −
λ
6
δ
(
3∑
r=1
kr 0
)∫
du dd−2x (Ω−)2Ω+×
exp
(
i
k3 0
2
(σ−ab − σ+ab)xaxb +i (k1 i + k2 i)Ei−a xa + i k3 iEi+a xa +
3∑
s=1
ks iks j
2ks 0
F ijs
)
.
(4.47)
Due to the mixed asymptotic conditions, momentum conservation in the v-direction
no longer eliminates the quadratic x-dependence from the exponential, leaving a (d−
2)-dimensional Gaussian integral. Performing this integral leaves:
− λ
6 (k3 0)
d−2
2
δ
(
3∑
r=1
kr 0
)∫
du (Ω−)2Ω+
√
(2pii)d−2
|A|
× exp
(
− i
2 k3 0
JaJb(A
−1)ab + i
3∑
s=1
ks iks j
2ks 0
F ijs
)
, (4.48)
where
Aab := σ
−
ab − σ+ab , Ja := (k1 i + k2 i)Ei−a + k3 iEi+a .
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Nevertheless, applying the definition of the tree level integrand to these results (see
earlier or appendix C), somewhat tautologically gives the extremely simple answer
M3(Φ−1 ,Φ−2 ,Φ±3 ) = 1 , (4.49)
after stripping off a power of the coupling, overall delta-functions, and ‘universal’
u-dependent functions that depend on the choice of Φ’s.
This is a general feature. Although the precise form of the amplitude will vary
significantly between different configurations of incoming and outgoing states – as in
(4.46) versus (4.48), the integrands will be the same. This is the closest thing to CPT
symmetry in flat spacetime – interpreted here as the ability to exchange incoming and
outgoing states while simultaneously conjugating polarisations and charges – which
survives on a sandwich plane wave background.
4.1.2.2 Gauge theory
The Yang-Mills action on a curved background is:
S[A] =
1
g2
∫
M
tr (F ∧ ∗F ) , (4.50)
where ∗ is the Hodge star and F = [D,D] is the curvature of the connection D =
∇+A, for ∇ the Levi-Civita connection. The 3-point amplitude is given by the cubic
portion of the action (4.50) evaluated on linearised states of the form (4.19). In the
Lorenz gauge of chapter 4.1.1, the 3-point amplitude reads:
g f a1a2a3
∫
du dv dd−2x
(
Ab3A
µ
2 ∂µA1 b − Ab2Aµ3 ∂µA1 b + cyclic
)
, (4.51)
where f a1a2a3 are the structure constants of the gauge group. As before, there are
essentially two independent configurations in which this amplitude can be evaluated:
three in states or two in states and one out state.
However, some simplifications occur in the amplitude even before the asymptotic
behaviour of the states has been specified. Evaluated on general linearised free fields,
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(4.51) becomes
g f a1a2a3
∫
du dv dd−2x (ε1 · ε3 (K1 · ε2 −K3 · ε2) + cyclic)
3∏
r=1
Ωr e
iφr , (4.52)
where the Ωr and φr (r = 1, 2, 3) depend on whether the state is incoming or outgoing.
Since the functional form of the integrand (i.e., the portion of this expression in
the parentheses) is independent of the state configuration, it suffices to identify the
integrand in the simplest configuration. As in the scalar example, this will be the all
incoming configuration, since there are more delta functions in this case.
Even for the three-incoming configuration, the integrand of (4.52) is a priori a
function of the xa through the polarisations (4.20) and momenta (4.5). However,
thanks to the identities:
Kr · εs =
{
0 if r = s
Ei a(kr 0
ks i
ks 0
s a − kr is a) otherwise , (4.53)
εr · εs =
{
0 if r = s
−r · s otherwise , (4.54)
it follows that the integrand is actually independent of the xa. This allows the dv
and dd−2x integrals to be done as the only dependence on these variables is in the
exponential:
g f a1a2a3 δd−1
(
3∑
r=1
kr
) ∫
du√|E−| (ε1 · ε3 (K1 · ε2 −K3 · ε2) + cyclic)
× exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
. (4.55)
On the support of the momentum conserving delta functions, this simplifies to
2g f a1a2a3 δd−1
(
3∑
r=1
kr
) ∫
du√|E−| (ε1 · ε3K1 · ε2 + cyclic) exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
.
(4.56)
As we saw for the scalar, the amplitude boils down to a u-integration which depends
on the particulars of the background plane wave geometry. The integrand, though,
is easily identified as:
M3(A1, A2, A3) = ε1 · ε3K1 · ε2 + cyclic . (4.57)
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Note that although this has the same functional form as the flat space 3-point in-
tegrand for Yang-Mills theory, it is not equal to the flat space result. Indeed, the
integrand in this case is a function of u, given explicitly by
M3(A1, A2, A3) = − 1 · 3Eia
(
k1 0
k2 0
k2 i 
a
2 − k1 i a2
)
+ cyclic (4.58)
after using (4.53)–(4.54). Note that the tails associated with the asymptotic states
do not contribute to the amplitude, as a result of the identities (4.53)–(4.54).
The other configuration – two incoming states and one outgoing state – is more
complicated. The primary reason for this is that the x-dependence of the integrand
does not drop out. Assuming that the scattering states are A−1 , A
−
2 and A
+
3 we now
have
εr · ε3 = −r · 3 ,
Kr · ε3 = a3
(
kr 0
k3 i
k3 0
E+ ia − kr iE− ia
)
+ kr 0
a
3x
b (σ+ab − σ−ab) ,
K3 · εr = ar
(
k3 0
kr i
kr 0
E− ia − k3 iE+ ia
)
+ k3 0
a
rx
b (σ−ab − σ+ab) , (4.59)
for r = 1, 2. The integration over dd−2x is now a rather involved Gaussian integral,
which has the rough structure of (4.48) plus a derivative of this result. Since the
integrand is the primary object of interest here, we will only consider (4.57).
4.1.2.3 Gravity
The 3-point amplitude for gravitons on the plane wave background is encoded by
extracting the cubic portion of the Einstein-Hilbert action,
S[g] =
1
κ2
∫
M
ddX
√
−|g|R , (4.60)
perturbed around the plane wave background metric. To do this, a recent perturbative
re-writing of the Einstein-Hilbert action is useful [139]. For perturbations hµν around
a fixed background geometry gµν , this action takes the form:
S[h] =
1
4κ2
∫
ddX
√
−|g| [∇µσνρ∇λσκρ (σµλδνκ − 2σνλδµκ)+ σµν Rµν] , (4.61)
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where the perturbations are encoded in
σµν = gµν + κhµν +
κ2
2
h2µν + · · · , σµν = gµν − κhµν +
κ2
2
hµν − · · · ,
and indices are raised and lowered with the background metric (e.g., h2µν = hµρg
ρσhσν).
On the vacuum plane wave background in Brinkmann coordinates, |g| = −1 and
Rµν = 0 so expanding (4.61) to cubic order is straightforward. This leads to the
cubic term:
κ
4
∫
du dv dd−2x (hµν∇µhρσ∇νhρσ − 2hρν∇µhρσ∇νhµσ) . (4.62)
We have checked that this matches the cubic contribution from expanding the stan-
dard Einstein-Hilbert action around a plane wave background.
The 3-point amplitude is given by evaluating (4.62) on three of the linearised
perturbations (4.27). With the transverse-traceless gauge conditions on hµν , the
covariant derivatives in (4.62) reduce to partial derivatives, leaving:
κ
4
∫
du dv dd−2x (hµν1 ∂µh2 ρσ∂νh
ρσ
3 − 2hρν1 ∂µh2 ρσ∂νhµσ3 ) + all permutations . (4.63)
A computation gives a typical term in the sum over permutations of external states
to be:
hµν1 ∂µh2 ρσ∂νh
ρσ
3 − 2hρν1 ∂µh2 ρσ∂νhµσ3 =(
(2ε3 ·K2 ε1 ·K3 ε1 · ε2 − ε1 ·K2 ε1 ·K3 ε2 · ε3) (ε2 · ε3)
− i ε2 · ε3 σab
(
k2 0k3 0
k1 0
ε2 · ε3 1 a1 b − 2k2 0 ε1 · ε2 1 b3 a
))
ei(φ1+φ2+φ3) . (4.64)
To proceed further, the configuration of the external states must be specified. Building
on the scalar and gauge theory calculations, it is clear that the easiest configuration
to treat is the one with all three states incoming.
In this configuration, identities of the form (4.53)–(4.54) ensure that the only
x-dependence in terms like (4.64) is in the overall exponential. This allows the dv
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and dd−2x integrations to be done explicitly, resulting in momentum conserving delta
functions. On the support of these delta functions, the 3-point amplitude for incoming
states reads:
κ
2
δd−1
(
3∑
r=1
kr
) ∫
du√|E−| [(ε1 · ε3K1 · ε2 + cyclic)2 − i k1 0k2 0k3 0 σabCaCb
]
× exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
, (4.65)
where the quantity Ca is defined as
Ca := ε2 · ε3 1 a
k1 0
+ ε1 · ε3 2 a
k2 0
+ ε1 · ε2 3 a
k3 0
. (4.66)
The upshot is that the 3-point integrand for gravity on a plane wave spacetime is
given by
M3(h1, h2, h3) = (ε1 · ε3K1 · ε2 + ε1 · ε2K2 · ε3 + ε2 · ε3K3 · ε1)2
− i k1 0k2 0k3 0 σab Ca Cb . (4.67)
This structure mirrors what one might have guessed based solely on the structure of
the linearised perturbations (4.27).
So it seems that 3-point amplitudes on a plane wave spacetime do not simply obey
double copy as they do in flat space. Indeed, we find that
M3(h1, h2, h3) = (M3(A1, A2, A3))2 − i k1 0k2 0k3 0 σab Ca Cb . (4.68)
Unlike the gluon amplitudes, the tails associated to graviton perturbations do con-
tribute to the amplitude. Note that they do so in an intrinsically geometric way: the
tail contribution couples via the deformation tensor associated with the background
geometry. To find the ‘square root’ of perturbative gravity on a plane wave back-
ground, one must instead turn to Yang-Mills theory in the presence of a background
plane wave gauge field.
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4.1.3 3-point amplitudes on the gauge field background
The 3-point amplitudes for charged scalars and Yang-Mills theory in a plane wave
background gauge field are now computed. As in the gravitational setting, these am-
plitudes reduce to an integral over the u-coordinate which depends on the particulars
of the background, but the tree level integrands are easily identified.
4.1.3.1 Charged scalars
To obtain a gauge invariant cubic scalar interaction that carries charge with respect
to the background gauge field, the charges of the three fields must add up to zero.
Sint[Φ] =
∫
du dv dd−2x (Φ1Φ2Φ3) , (4.69)
where DµΦr = (∂µ−ierAµ)Φr, with Aµ the background gauge field (2.71). The charges
er as roots encode the commutators.
Armed with the linearised solutions (4.32), we can compute the 3-point ampli-
tudes by evaluating the cubic portion of the action (4.69). This means that the
amplitude can be reduced to a u-integration fairly straightforwardly in an arbitrary
configuration:
δd−1
(
3∑
r=1
kr
) ∫
du exp
(
i
3∑
s=1
fs
2ks 0
)
. (4.70)
Note that in the all incoming case, the translation action of the gauge field on the
total momentum has cancelled because the charges must add up to zero by gauge
invariance. In the other case, this translation will manifest itself in an additional
memory term analogous to ca in the last line of equations (4.38), which we ignored
here as it is irrelevant for our purposes.
From equation (4.70) it is easy to read off the tree level integrand for the 3-point
scattering of charged scalars on the plane wave gauge field background:
A3(Φ1,Φ2,Φ3) = 1 . (4.71)
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This is independent of the specifics of the configuration as for the gravitational back-
ground.
4.1.3.2 Gauge theory
Now consider a dynamical gauge field a on the fixed plane wave background A. Al-
though the background gauge field A is valued in the Cartan of the gauge group, the
dynamical gauge field carries arbitrary colour structure. The dynamical gauge field
is governed by the action
S[a] =
1
g2
∫
tr (F ∧ ∗F − dA ∧ ∗dA) , (4.72)
where F is the curvature of A + a and the kinetic term for the non-dynamical back-
ground field is subtracted.
The cubic term in the action (4.72) is∫
du dv dd−2x tr (aµ aν (∂µaν − ∂νaµ + [Aµ, aν ])) . (4.73)
We must choose the colour structure so as to obtain a non-trivial trace. All non-trivial
examples are essentially the same and are equivalent to taking the SU(2) case with
a3 in the Cartan, and a1, a2 respectively of charge ±1 with respect to the Cartan
generator. In particular the three charges add up to zero. Together with the gauge
choices made in (4.40), the 3-point amplitude reduces to
g f a1a2a3
∫
du dv dd−2x (aµ2 a
ν
3∂µa1 ν − aµ2 aν3∂νa1µ + cyclic) . (4.74)
Evaluating on the states (4.40) with arbitrary asymptotics, subject to the same caveat
about the memory dependent momentum shifts in the two incoming and one outgoing
state case as in equation (4.70), leads to
ig f a1a2a3 δd−1
(
3∑
r=1
kr
)∫
du [ε˜1 · ε˜3 (K1 · ε˜2 − K3 · ε˜2) + cyclic] exp
(
i
3∑
s=1
fs
2 ks 0
)
.
(4.75)
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Note that in both cases on the support of these delta functions (memory shifted for
two incoming and one outgoing state), the identity K1 · ε˜2 = −K3 · ε˜2 holds. Therefore
the result further reduces to:
2ig f a1a2a3 δd−1
(
3∑
r=1
kr
)∫
du [ε˜1 · ε˜3 K1 · ε˜2 + cyclic] exp
(
i
3∑
s=1
fs
2 ks 0
)
(4.76)
Thus the integrand can be written in terms of on-shell data:
A3(a1, a2, a3) = ε˜1 · ε˜3 K1 · ε˜2 + cyclic , (4.77)
as expected.
This formula hides explicit dependence on the potential. Using (4.35) and (4.41),
it follows that:
Kr · ε˜s =
{
0 if r = s
˜as
ks0
(kr 0ks a − ks 0kr a + kr 0esAa − ks 0erAa) otherwise , (4.78)
ε˜r · ε˜s =
{
0 if r = s
−˜r · ˜s otherwise . (4.79)
In particular, the background gauge field does enter into the functional form of the
integrand (4.77). The explicit form of the integrand is:
A3(a1, a2, a3) = − ˜1 · ˜3
k2 0
[(k1 0 k2 · ˜2 − k2 0 k1 · ˜2) + A · ˜2 (k1 0e2 − k2 0e1)]+cyclic .
(4.80)
Crucially, the terms linear in A give a background-dependent correction to the flat
space result analogous to the tail terms involving σab appearing in the gravity inte-
grand (4.67). In both cases, they encode the memory.
4.1.4 The double copy
Armed with explicit formulae for the 3-point integrands on both gravitational and
gauge theory plane wave backgrounds, a precise statement of double copy can now
be made. From (4.80), the 3-point integrand for gluons on the gauge theory plane
wave background can be written compactly as:
A3(a1, a2, a3) = F ({kr 0, kr a, ˜r}) + C({kr 0, kr a, ˜r}|A) , (4.81)
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where the function
F ({kr 0, kr a, ˜r}) := − ˜1 · ˜3
k2 0
(k1 0 k2 · ˜2 − k2 0 k1 · ˜2) + cyclic (4.82)
is the ‘flat’ contribution to the integrand.6 The tail-dependent correction term is
C({kr 0, kr a, ˜r}|A) := ε˜1 · ε˜3
k2 0
A · ˜2(k1 0e2 − k2 0e1) + cyclic (4.83)
Note that both F and C are real functions, in the sense that they take real values
provided the kinematic data is real-valued.
To double copy the integrand (4.81), one performs a sequence of simple steps:
1. Flip the charge (i.e., the sign of the colour factor of A) to define A˜3 = F − C
and regard this as the conjugate of A3:
|A3|2 := A3 A˜3 = F 2({kr 0, kr a, ˜r})− C2({kr 0, kr a, ˜r}|A) (4.84)
2. Replace every spatial (d− 2)-momentum by a curved version using the vielbein
of the gravitational plane wave background (e.g., k1 a → k1 iEia). Replace the
gauge background polarisations ˜a with gravitational background polarisations
a. This yields
7
F 2({kr 0, kr iEia, r})− C2({kr 0, kr iEia, r}|A) . (4.85)
3. Replace the remaining (quadratic) dependence on the background gauge field
with dependence on the background gravitational field using the rule:
eres A
a Ab →
{
i kr 0 σ
ab if r = s
i (kr 0 + ks 0)σ
ab otherwise
, (4.86)
where er is the charge under the background gauge field associated with external
state r = 1, 2, 3.
6The spurious poles in k0 are associated with our projection of the polarisation vectors a to be
orthogonal to both ∂u and ∂v.
7The latter operation is just a relabelling by removing all tildes. In particular, this replacement
implies ε˜r · ε˜s → εr · εs.
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The final step is motivated by dimensional considerations and suggested by the
fact that Aa encodes the gauge theory memory effect; if it is set to vanish in the
in-region it will generically be a non-zero constant in the out-region remembering an
integral of the field. Thus the quadratic combination Aa Ab is where the memory effect
can be seen in the amplitude. In the gravitational case, the deformation tensor σab
can be chosen to vanish in the past, but is then non-trivial in the future, although now
generically falling off asymptotically as u−1, by (2.59). Therefore, the replacement
(4.86) identifies the fields responsible for memories, albeit with different functional
dependence on u. An additional power of momenta is needed on the gravitational
side to ensure that the two combinations have the same mass dimension.
Steps 1-3 result in an expression of the form
F 2({kr 0, kr iEia, r})− C2({kr 0, kr iEia, r}|σ) . (4.87)
Working on the support of momentum conservation in the v-direction – which holds
regardless of the asymptotic configuration of the three external states – a bit of algebra
reveals that
C2({kr 0, kr iEia, r}|σ) = i k1 0k2 0k3 0 σab Ca Cb , (4.88)
and therefore that the expression (4.87) is in fact equal to the 3-point integrand for
gravitons on the gravitational plane wave background.
There is also a canonical way to map the 3-point integrand for gluons on a gauge
theory background to the 3-point integrand for gluons on a gravity background. This
entails a ‘classical’ double copy of the background (in the sense of [29]) while leaving
the functional form of the integrand unchanged. To see how this works, use the
integrand expression:
A3(a1, a2, a3) = ε˜1 · ε˜3 K1 · ε˜2 + ε˜1 · ε˜2 K2 · ε˜3 + ε˜2 · ε˜3 K3 · ε˜1 , (4.89)
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where Kr a and ε˜r a are given by (4.35), (4.41) for r = 1, 2, 3. Now perform the
following replacements everywhere in (4.89):
kr a → kr iEia , ˜r a → r a , er Aa → kr 0 σab xb . (4.90)
The last of these replacements is motivated by the observation that the non-trivial
component of the plane wave gauge field, namely xa A˙a is a linear function of x
while the non-trivial component of the plane wave metric, namely −E¨iaEb i xaxb, is
quadratic.
After making the replacements (4.90), the polarisation vectors in the gauge field
background are mapped directly onto the polarisation vectors in the gravitational
background: ε˜r µ → εr µ. Although Kr µ is not quite mapped onto Kr µ, it is easy to
see that
Kr · ε˜s → Kr · εs .
Calling this substitution map ψ, it follows immediately that
ψ (A3(a1, a2, a3)) =M3(A1, A2, A3) , (4.91)
where the two integrands have the same kinematic data but are defined on different
backgrounds.
4.1.5 Discussion
In this chapter we have made a preliminary investigation of how the notion of dou-
ble copy generalises to curved scattering backgrounds starting with the three point
amplitude on sandwich plane waves. We find new features, but see that the double
copy nevertheless does extend to this curved setting: 3-point graviton amplitudes on
a plane wave spacetime can be obtained by taking the double copy of 3-point gluon
amplitudes on a gauge theory plane wave background.
This statement can be expressed succinctly by encoding steps 2 and 3 of the double
copy procedure in a ‘replacement map’ ρ, that acts on the spaces of (d−2)-kinematics
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and background gauge fields. The double copy for 3-point integrands on plane wave
backgrounds is then simply:
M3(h1, h2, h3) = ρ
(|A3(a1, a2, a3)|2) . (4.92)
This is consistent with the usual double copy on flat backgrounds expressed in the
KLT relations. In a flat background, ρ acts trivially and this is the usual squaring
relation.
We have only investigated the simplest scattering amplitudes (i.e., 3-point ampli-
tudes), which are generated by contact interactions in the spacetime action. Higher-
point amplitudes will involve propagator contributions; although explicit forms for
propagators on plane wave backgrounds are known (e.g., [112, 132, 140, 141]), these
are significantly more complicated that those arising from flat space. Nevertheless,
the prescription given in chapter 4.1.4 seems universal: it dictates how to double copy
the data for any n-point scattering amplitude. Steps 1-3 do not depend on the num-
ber of external particles being three. So one can optimistically conjecture a heuristic
form of the double copy for n-point integrands on plane wave backgrounds:
Mn(h1, . . . , hn) = ρ
 ∑
α,β∈Sn/Zn
An(α)SA[α|β] A˜n(β)
 , (4.93)
where the sum is over distinct colour-orderings for the n-point integrands on the gauge
theory background, ρ is the replacement map defined by steps 2 and 3 of the double
copy, A˜n is the integrand with opposite charges for the background and SA[α|β] is a
plane wave analogue of the KLT matrix (perhaps obtained from the same replacement
algorithm for the momenta). However, now the A and A˜ must incorporate the non-
trivial propagators on those backgrounds, and it is likely that these must also be
subject to some replacement to work correctly on a gravitational background.
Our procedure is not a straightforward local identification of integrands. It re-
quires the replacement of certain structural functions appropriate for propagation
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on a gauge theory background by those for a gravitational background. Indeed,
colour/kinematics duality is usually expressed locally in momentum space, and so
should not be expected to be local in spacetime. Here we see evidence that a non-
local procedure based on Hamilton-Jacobi functions for propagation of momentum
eigenstates from null infinity will do the trick. Thus, the most optimistic message
from this for the general curved colour-kinematic duality is that although a spacetime
procedure cannot be local, it can work by referring to null infinity, using Hamilton-
Jacobi generating functions to create the identifications.
It would also be desirable to extend the double copy to other curved backgrounds.
Although plane waves are a very special example of such backgrounds, there is some
sense in which they are universal limits of all spacetimes [142]. It would be interesting
to see in what sense the results found here inform those for more general spacetimes.
Finally, we note that our original motivation for considering scattering on plane
wave backgrounds was to provide a spacetime result to compare with an alternative
calculation of these amplitudes using ambitwistor string theory [48] adapted to a
curved background [77]. As we will show in the next chapter, ambitwistor strings
provide an alternative ‘stringy’ approach to calculating amplitudes on curved back-
grounds which gives pure field theory amplitudes without α′ corrections. The use of
Hamilton-Jacobi functions to bring in momenta and polarisation vectors from null
infinity should then tie in with the work in [72, 73, 75] where ambitwistor strings are
formulated at null infinity.
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4.2 Amplitudes from ambitwistor strings
Using perturbative string theory to study physics in the presence of curved back-
ground fields is a highly non-trivial task. When coupled to generic curved background
fields, the string worldsheet action becomes a complicated interacting 2d CFT which
can only be studied perturbatively (e.g., [143, 144]). Quantum consistency of the
worldsheet theory imposes an infinite tower of higher-derivative constraints on the
background fields, which at lowest order are the two-derivative equations of motion
of field theory [92–94,115]. It is therefore exceptionally difficult to tell if a given back-
ground field configuration satisfies the full string equations of motion, or to compute
interesting target space quantities, such as scattering amplitudes, in the resulting
worldsheet CFT.
Over the years, some notable exceptions to the first of these difficulties have
been found. Vacuum plane wave metrics were argued to be admissible NS-NS back-
grounds for string theory due to the vanishing of their higher curvature invariants [145,
146]. Supergravity solutions based on AdS (times a compact space) [147,148] or pp-
waves [149, 150] supported by Ramond-Ramond flux were argued to be admissible
backgrounds for type II string theory on the basis of uniqueness and symmetry con-
straints for the integrable sigma models with these target spaces [151–157]. These
examples play a central role in the concept of holography [158–160] and its plane wave
limit [161]. The class of supersymmetric sigma models with curved target spaces can
be expanded to include various integrable deformations (cf. [162]), although it is not
entirely clear if these deformations define consistent string theories [163,164].
Yet even with consistent string theories on curved backgrounds, writing explicit
vertex operators or calculating worldsheet correlation functions has proved virtually
impossible8. This is because the worldsheet model – even if it is integrable – remains
8A notable special case where progress has been made is for AdS3, where the worldsheet theory
is a SL(2,R) WZW model [165–167].
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an interacting CFT (as is the case for supersymmetric AdS backgrounds or vacuum
plane waves), or because the worldsheet model is known only in Green-Schwarz form
(as for the solvable pp-wave sigma models). Although some progress towards writing
vertex operators on certain backgrounds has been made (cf. [168–171]), there is still
no intrinsically stringy computation of the 3-point function in a curved background9.
This seems particularly remarkable given how much attention is paid to such back-
grounds in the context of holography, where bulk observables are usually computed
from field theory Witten diagrams rather than the string worldsheet.
Our goal is to provide the first worldsheet calculation of 3-point functions on
curved backgrounds using ambitwistor strings as alternative to standard string the-
ory, making use of the curved background vertex operators found in chapter 3.2.
Remember that in the context of curved background fields, heterotic and type II am-
bitwistor strings remain free worldsheet CFTs and yield a description of non-linear
field theory in terms of a free 2d CFT as shown in chapters 3.1 and 2.1.4 respectively.
This suggests that ambitwistor string theories can be used to study perturbative
QFT on curved backgrounds. There are promising signs that this could be true: In
the special case of four-dimensions, twistor string formulae for gravitational scattering
amplitudes have a natural generalisation to gauged supergravity on AdS4 [179]. These
formulae pass several consistency checks which indicate that they encode tree level
physical observables in AdS4 (at least up to boundary terms), but so far a direct link
to standard expressions in general spacetime dimension is missing.
In this chapter, which has also been published in [4], we quantise ambitwistor
strings on plane wave backgrounds. Using that they encode the correct spectra of
perturbations in terms of explicit (and computationally manageable) vertex opera-
tors, we show that they also encode the correct spacetime interactions by computing
9It should be noted that worldsheet methods have been used to compute correlators in certain
limits [172–174] or with special configurations of external states [175, 176] in AdS backgrounds.
Cubic string field theory has been used to study interactions on pp-wave backgrounds [177,178].
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3-point functions. Our focus is on the type II and heterotic ambitwistor strings, which
describe gravitational and gauge theoretic degrees of freedom on spacetime, respec-
tively. We study two simple examples of curved backgrounds in a RNS worldsheet
formalism for the ambitwistor string: vacuum plane wave metrics (type II model)
and plane wave abelian gauge fields (heterotic model). In both cases, explicit expres-
sions for the vertex operators for gravitons or gluons from chapter 3.2 are derived
using the results from chapter 4.1. These vertex operators are then used to compute
the 3-point worldsheet correlation functions, which match with the known field the-
ory results from chapter 4.1 in each case. Indeed the computations of [3], which we
presented in chapter 4.1, were first executed in order to provide a standard space-
time computation against which to check the formulae of this chapter. This confirms
the utility of ambitwistor strings in the study of perturbative field theory on curved
backgrounds: Such calculations are impossible in ordinary string theory, even in the
α′ → 0 limit.
For details how type II and heterotic ambitwistor strings can be defined on curved
background fields we refer to chapters 2.1.4 and 3.1. Our focus is on background met-
ric fields for the type II model and abelian background gauge fields for the heterotic
model. In each case, quantum consistency of the model is equivalent to the usual
field equations for the background. Chapter 4.2.1 considers the type II model on
a vacuum plane wave metric background, and chapter 4.2.2 considers the heterotic
model on a plane wave gauge field background. In both cases, the worldsheet theory
is anomaly-free because the backgrounds solve the (vacuum) equations of motion. We
provide explicit expressions for vertex operators corresponding to gravitons and glu-
ons, respectively, and compute their 3-point functions. These are seen to reproduce
the known formulae for graviton and gluon scattering on gravitational and gauge field
plane wave backgrounds.
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4.2.1 Type II model on a gravitational plane wave
We now turn to a class of backgrounds which are among the simplest non-trivial
solutions to the vacuum Einstein equations. When discussing gravitational waves,
one often thinks about linear perturbations of a fixed background spacetime as first
described by Einstein [180]. However, there also are exact, non-linear plane wave
solutions to the Einstein equations. These have been known for over ninety years
and studied in great detail, see e.g. [95–99]. Due to the vanishing of their higher-
curvature invariants, it has long been known that certain plane wave metrics solve
the vanishing beta-functional conditions for string theory to all orders in α′ [145,146].
Yet it has proven difficult to derive vertex operators for string theory on a plane wave
background or indeed compute scattering amplitudes in such spacetimes10.
In this chapter, we study the type II ambitwistor string on vacuum plane wave
spacetimes. As we know from chapter 2.1.4 and 3.2, the worldsheet OPEs remain free
and vertex operators can be constructed explicitly. The simplicity of the background
spacetime renders the calculation of worldsheet correlation functions tractable. We
start with a brief discussion of the worldsheet model and fixed vertex operators on
plane waves in order to keep this chapter self-contained, after which we go on to cal-
culate the descended vertex operator and show that the 3-point correlation functions
on the Riemann sphere reproduce the known result for 3-point graviton amplitudes
on a plane wave spacetime.
4.2.1.1 Worldsheet model and fixed vertex operators
As solutions of the vacuum Einstein equations (Haa (u) = 0 in Brinkmann coordinates),
vacuum plane wave metrics are admissible backgrounds for the type II ambitwistor
string in the sense that Q2 = 0, up to a conformal anomaly which can be killed by
setting d = 10, or ignored for our purposes at genus zero. However, a remarkable
10A notable exception is [168], where candidate tachyon and graviton vertex operators are con-
structed in the bosonic string on a plane wave.
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simplification occurs in the functional form of the BRST charge for any plane wave
background in Brinkmann coordinates: all quantum corrections to the currents G, G¯
and H vanish! Indeed, a direct calculation from (2.38) – (2.40) using the Christoffel
symbols (2.52) leads to:
G = ψµ Πµ ,
G¯ = gµσ ψ¯µ Πσ + 2Hab xb ψ¯v ψ¯a ψu ,
(4.94)
H = gµσ Πµ Πσ + Πv
(
2Hab x
b ψ¯aψ
u + 2Hab x
b ψ¯vψ
a + H˙ ψ¯vψ
u
)
− 2ΠaHab xb ψ¯vψu + 2Hab ψ¯aψ¯v ψbψu .
(4.95)
In particular, all terms proportional to worldsheet derivatives in G, G¯ and H vanish
in Brinkmann coordinates for the plane wave background.
Let us now consider a metric perturbation hµσ (i.e., a graviton) on the plane wave
background. As in chapter 4.1.1, we find that it is consistent to further impose the
gauge conditions that the v-components and trace of h should vanish hvµ = 0 =
hµµ. Recall that we can make use of the graviton vertex operator (3.37) on a pure
gravity background and notice that the quantum correction term proportional to the
worldsheet derivative will drop out in the gauge chosen here:
V = c c¯ δ(γ) δ(γ¯) ψ¯µ ψ
σhµσ (4.96)
Remember that since V has balanced conformal weight, the stress tensor part
of the BRST charge acting on this vertex operator vanishes. The only non-trivial
conditions for BRST-closure of V arise from the currents G, G¯ and H, which force
the graviton to be on-shell. Due to the many cancellations in the currents and vertex
operator, these calculations simplify considerably compared to the generic case in
chapter 3.2.2. The relevant OPEs are
G(z) ψ¯µψσhµσ(w) ∼ −
∂µh
µ
σψ
σ
(z − w)2 +
1
z − w (· · · ) ,
G¯(z) ψ¯µψσhµσ(w) ∼
gρσ
(z − w)2∂ρh
µ
σψ¯µ +
1
z − w (· · · )
(4.97)
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and
H(z) ψ¯µψσhµσ(w) ∼
1
(z − w)2
[
gρλ∂ρ∂λh
µ
σ ψ¯µψ
σ + 2Hab x
b ∂vh
µ
a ψ¯µψ
u
+ 2Hab x
b ∂vhσa ψ¯vψ
σ − 2Hab hab ψ¯vψu
]
+
1
z − w (· · · ) . (4.98)
As expected, vanishing of these equations enforces de Donder gauge (3.42) and the
linearised equations of motion (3.43) in their guise from chapter 4.1.1. Recall in
particular that the linearised Einstein equations took the form (4.26) there.
A concrete realisation of hµσ, analogous to the momentum eigenstate used in flat
space (2.27) has been constructed in chapter 4.1.1.3 by a spin-raising procedure [3,129]
applied to solutions of the scalar wave equation on a plane wave background, first
constructed in [131]. Remember that the key to this construction are solutions to the
Hamilton-Jacobi equations of the form (4.4):
φk = k0 v +
k0
2
σab x
axb + kiE
i
a x
a − ki kj
2 k0
F ij ,
where (k0, ki) were d−1 constants (which parametrise the non-trivial components of a
null momentum), Eia is the vielbein appearing in the relationship between Brinkmann
and Einstein-Rosen coordinates (2.56), σab = E˙
i
aEb i is the deformation tensor (2.58)
and in equation (2.60) we defined
F ij(u) :=
∫ u
ds γij(s) =
∫ u
dsEa (i(s)Ej)a (s) .
Recall that the choice of vielbein is not unique: given any Eai for a particular plane
wave metric, any other vielbein given in equation (2.59) also represents the same
metric. For a sandwich plane wave, the two particular choices of boundary condition
given in equation (2.61) are relevant:
lim
u→±∞
Ea±i = δ
a
i .
These correspond to whether φk looks like k·X in the in- or out-regions of the sandwich
plane wave; since we will always be considering amplitudes in which all external
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states have the same boundary conditions, we assume that Eai = E
a−
i without loss of
generality from now on.
Equipped with the function φk, the graviton hµσ is given by equation (4.27):
hµσ dX
µ dXσ =
(
(ε · dX)2 − i
k0
ab σab du
2
)
Ω eiφk
Here, εµ is the (non-constant) d-dimensional polarisation vector defined in equa-
tion (4.20)
ε · dX = adxa + a
(
kj
k0
Eja + σab x
b
)
du
with a a constant (d− 2)-dimensional null vector. Remember that the function Ω(u)
was defined in equation (4.2)
Ω(u) := |γ−1(u)|1/4 = |E(u)|− 12 .
It is straightforward to verify that this hµσ is traceless, satisfies hvµ = 0, obeys
the de Donder gauge conditions, and solves the linearised Einstein equations (4.26).
In demonstrating this, it is useful to remember (4.5), which defines the momentum
associated with the graviton:
Kµ dX
µ := dφk =
k0 dv +
(
k0
2
σ˙bc x
bxc + kiE˙
i
bx
b +
kikj
2k0
γij
)
du+ (kiE
i
a + k0 σabx
b)dxa .
This is null with respect to the plane wave metric (K2 = gµνKµKν = 0), and is also
compatible with the polarisation vector (4.20) in the sense that gµνεµKν = 0.
4.2.1.2 Descent
Having constructed fixed graviton vertex operators for the type II model on a plane
wave background, one can now ask for vertex operators in other pictures. For the
calculation of worldsheet correlation functions, it is particularly important to have the
vertex operators of zero picture number (i.e., without any δ(γ) or δ(γ¯) insertions),
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usually obtained via the fermionic descent procedure from fixed vertex operators
(cf. [125]). This procedure entails successively extracting the simple poles between
the fixed vertex operator and the currents G, G¯, and results in the picture number
zero vertex operator, defined up to gauge transformations.
In flat space, the pure gauge contributions are proportional to k ·P (i.e., the scat-
tering equations), but on a curved background they can be much more subtle. To
isolate the gauge-invariant portion of the descended vertex operator, we can exploit
the fact that {G, G¯} = H quantum mechanically. First compute the descended oper-
ator by isolating the simple poles of G¯(GV ), and then again by isolating the simple
poles of G(G¯V ). Since {G, G¯} = H, it follows that the sum of the two resulting opera-
tors must be pure gauge, while the difference will be the gauge-invariant contribution
to the descended operator.
To do this, first compute
G(z) ψ¯µψσhµσ(w) ∼
1
z − w
(
Πµ ψ
σ hµσ − ψ¯µψσψρ ∂ρhµσ
)
+ · · · , (4.99)
G¯(z) ψ¯µψσhµσ(w) ∼
1
z − w
(−gσρ Πρ ψ¯µ hµσ − gλρ ψ¯λψ¯µψσ ∂ρhµσ
−2Hab xb ψ¯vψ¯cψu hca
)
+ · · · , (4.100)
where the + · · · indicate higher-order poles. Then take the simple pole of G¯ with (4.99)
and of G with (4.100), and compute the difference. Thanks to the current algebra
{G, G¯} = H (which holds at the quantum level since the plane wave metric solves the
vacuum equations of motion), the result is gauge invariant and BRST-closed.
A straightforward, if somewhat tedious, calculation then reveals the form of the
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picture number zero vertex operator:
c c¯ U = c c¯
[
Πµ Πσ h
µσ − Πµ ψ¯ρψσ ∂ρhµσ + Πσ ψ¯µψρ ∂ρhµσ + ψ¯ρψ¯µψσψλ ∂ρ∂λhµσ
+Hab x
b Πv ψ¯vψ
σ haσ +H
a
b x
b Πv ψ¯cψ
u hca −Hab xb Πv ψ¯vψu hva − 2Hab xb Πc ψ¯vψc hca
+Hab ψ¯vψ
u
(
xb ψ¯cψ
d ∂ah
c
d − ψ¯cψb hca − ψ¯aψc hbc − 2xb ψ¯cψρ ∂ρhca
)
+Hab x
b ψ¯aψ¯µψ
uψc ∂vh
µ
c −
H˙
2
ψ¯vψ¯aψ
uψσ ∂vh
a
σ −Hbc xc ψ¯vψ¯aψbψσ ∂vhaσ
∂H
2
ψ¯µψ
σ ∂2vh
µ
σ − ∂(Hab xb ψ¯v)ψσ ∂vhaσ − ∂(Hab ψ¯vψu)hba + ψ¯µ ∂(Hab xb ψu) ∂vhµa
]
.
(4.101)
Although we have succeeded in giving an explicit formula for the descended vertex
operator on a plane wave background (something which, so far, has been impossible
in ordinary string theories), the result is a rather unwieldy expression. Indeed, one
might worry that (4.101) is so complicated that it is impossible to actually obtain
tractable formulae for worldsheet correlation functions – even at 3-points. Thankfully,
this is not the case: many of the terms appearing in (4.101) do not contribute to
the worldsheet correlator at 3-points, and one is left with a much more manageable
operator to deal with.
4.2.1.3 3-point function
Using the vertex operators and the explicit representation for the graviton hµσ, we
want to compute the 3-point worldsheet correlation function:
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 , (4.102)
at genus zero, Σ ∼= CP1. From (4.96) and the gauge condition hvµ = 0, it follows
that the fixed vertex operator Vi does not contain any insertions of ψ¯u or ψ
v. This
means that any insertions of ψ¯v or ψ
u appearing in U3 have no conjugate fields with
which to Wick contract in the correlator (4.102) due to normal ordering. Since ψ¯v(z3),
ψu(z3) have no zero modes at genus zero, it follows that all terms in U3 which are
proportional to ψ¯v or ψ
u cannot contribute to the 3-point correlator.
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This drastically reduces the number of terms which need to be considered in the
descended vertex operator (4.101):
U → Πµ Πσ hµσ − Πµ ψ¯ρψσ ∂ρhµσ + Πσ ψ¯µψρ ∂ρhµσ + ψ¯ρψ¯µψσψλ ∂ρ∂λhµσ
+
∂H
2
ψ¯aψ
b ∂2vh
a
b . (4.103)
In fact, the term in the second line, proportional to ∂H, can also be discarded. Since
there are no Πµ insertions in V1 or V2 which can contract with ∂H, it follows that
H(X) can be treated as a function of the zero-modes of the worldsheet field Xµ. These
zero-modes are constants on the worldsheet, and thus ∂H = 0. So for the 3-point
function (4.102), one is able to consider an ‘effective’ descended vertex operator:
U eff = Πµ Πσ h
µσ − Πµ ψ¯ρψσ ∂ρhµσ + Πσ ψ¯µψρ ∂ρhµσ + ψ¯ρψ¯µψσψλ ∂ρ∂λhµσ , (4.104)
with hµσ given by (4.27).
The ghost sector of the correlation function decouples from the matter systems,
so it is easy to see that the worldsheet correlator reduces to:
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 =
z223 z
2
31
dz1 dz2 dz23
〈
ψ¯µψ
σhµ1σ(z1) ψ¯ρψ
λhρ2λ(z2)U
eff
3 (z3)
〉ψ¯ψ
ΠX
, (4.105)
where zij ≡ zi − zj and 〈· · ·〉ψ¯ψΠX indicates a correlation function with respect to the
(Π, X) and (ψ¯, ψ) worldsheet systems. To evaluate the remaining correlation function,
it is useful to have explicit expressions for the (effective) vertex operators:
ψ¯µ ψ
σ hµσ =
(
εµψ¯µ εσψ
σ − i
k0
ψ¯v ψ
u abσab
)
Ω eiφk , (4.106)
and
U eff =
[
(εµΠµ)
2 − i
k0
Π2v ψ¯vψ
u ab − iεσΠσ (ψ¯aaKρψρ +Kµψ¯µ aψa)
−Kρψ¯ρ εµψ¯µ εσψσKλψλ + ik0 ψ¯bψaσba εµψ¯µ εσψσ
+Πv 
bσab ε
µψ¯µ ψ
a − Πv bσab ψ¯a εσψσ
]
Ω eiφk , (4.107)
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where the curved-space polarisation εµ and momentum Kµ are as given in (4.20)
and (4.5), respectively.
Observe that in the remaining correlation function, the only v-dependence is in
the exponentials eiφk and takes the form exp(i
∑3
r=1 kr 0v). This can be absorbed into
the exponential of the action in the remaining path integral:
S(Π,X) → 1
2pi
∫
Σ
Πµ ∂¯X
µ + 2pii
3∑
r=1
kr 0 v(z) δ
2(z − zr) . (4.108)
The path integral over v can now be done explicitly; the zero mode integral results
in a momentum conserving delta function δ(
∑3
r=1 kr 0), while the integral over non-
zero-modes imposes an equation of motion on the conjugate field Πv:
∂¯Πv(z) = 2pii
3∑
r=1
kr 0 δ
2(z − zr) ⇒ Πv(z) = dz
3∑
r=1
kr 0
z − zr . (4.109)
This allows us to replace every insertion of Πv in the correlator with the solution
obtained from (4.109). Similarly, there are no insertions of Πu anywhere in the re-
maining correlator; performing the path integral over the non-zero-modes of u imposes
∂¯u = 0, reducing the worldsheet field u(z) to its constant zero mode everywhere.
This leaves (Πa, x
a) as the only fields of the (Π, X) system with non-zero-modes
still in play. The only Πa insertions appear in U
eff
3 , while there is x
a-dependence
lurking in the polarisation components εu or ε
v as well as in the exponential factors.
In the latter case, conservation of the k0 momentum components (and the assumption
that all three states are incoming) reduces the exponential dependence on xa to:
exp
(
iEia x
a
3∑
r=1
kr i
)
. (4.110)
At this point, the path integral over Πa can be done explicitly by taking all possible
Wick contractions. After also taking all possible contractions in the (ψ¯, ψ) system, the
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result is the following rather unwieldy-looking expression (stripped of overall factors):
(
ε1 · ε2
z12
)2(
i
2∑
r=1
εµ3Krµ
zr3
)2
−
(
ε1 · ε2
z12
)2(
iσab
2∑
r=1
kr 0
a3
b
3
z2r3
)
+ 2i
[(
ε2 · ε3
z23
)(
ε1 · ε2
z12
)(
ε1 ·K3
z13
)(
i
2∑
r=1
ε3 ·Kr
zr3
)
+ (1↔ 2)
]
+ 2i
[(
k3 0
ε2 · ε3
z23
)(
ε1 · ε2
z12
)(
b1σab
a
3
z213
)
+ (1↔ 2)
]
+
[(
ε2 · ε3
z23
)(
ε2 ·K3
z23
)(
ε1 ·K3
z13
)(
ε1 · ε3
z13
)
−
(
ε2 · ε3
z23
)2(
ε1 ·K3
z13
)2
+ (1↔ 2)
]
− 2
[(
i
2∑
r=1
Krv
zr3
)(
ε1 · ε2
z12
)(
ε2 · ε3
z23
)
b1
a
3
z13
σab + (1↔ 2)
]
+ i k3 0
[(
ε2 · ε3
z23
)2
a1
b
1σab
z213
−
(
ε2 · ε3
z23
)(
ε1 · ε3
z13
)
a1
b
2σab
z13z23
+ (1↔ 2)
]
−
(
ε1 · ε2
z12
)2(
a3
b
3
k3 0
σab
)( 2∑
r=1
Krv
zr3
)2
+ i
[
a2
b
2
k2 0
σab
k3
2
0
z223
(
ε1 · ε3
z13
)2
+ (1↔ 2)
]
.
(4.111)
This expression can be considerably simplified by performing the path integral over
the remaining xa zero modes, which results in d− 2 additional delta functions and a
Jacobian factor:
δd−2
(
3∑
r=1
kr i
)
|E| , (4.112)
where |E| is the determinant of the vielbein Eai .
On the support of these delta functions, and utilising the curved momentum and
polarisation identities (4.53) and (4.54)
Kr · εs =
{
0 if r = s
Ei a(kr 0
ks i
ks 0
s a − kr is a) otherwise ,
εr · εs =
{
0 if r = s
−r · s otherwise ,
the contribution (4.111) can be massaged into a much more palatable form:
1
z223z
2
31
[
(ε1 · ε2 ε3 ·K2 + ε2 · ε3 ε1 ·K3 + ε1 · ε3 ε2 ·K1)2 − ik1 0k2 0k3 0 σab Ca Cb
]
,
(4.113)
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where
Ca := ε2 · ε3 1 a
k1 0
+ ε1 · ε3 2 a
k2 0
+ ε1 · ε2 3 a
k3 0
, (4.114)
encodes a ‘correction’ to the tensor structure of the 3-point function in flat spacetime.
These manipulations leave us with:
〈
ψ¯µψ
σhµ1σ(z1) ψ¯ρψ
λhρ2λ(z2)U
eff
3 (z3)
〉ψ¯ψ
ΠX
= δd−1
(
3∑
r=1
kr
)
dz1 dz2 dz
2
3
z223z
2
31
×
∫
du√|E| [(ε1 · ε3K1 · ε2 + cyclic)2 − i k1 0k2 0k3 0 σabCaCb] exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
,
(4.115)
where
δd−1
(
3∑
r=1
kr
)
:= δ
(
3∑
r=1
kr 0
)
δd−2
(
3∑
r=1
kr i
)
encodes all of the delta functions resulting from zero mode integrations. Taking
into account the ghost contributions from (4.105), it follows that all dependence on
the vertex operator locations zi drops out (as required for Mo¨bius invariance of the
worldsheet correlator on Σ ∼= CP1), leaving
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 =
δd−1
(
3∑
r=1
kr
) ∫
du√|E|
[
(ε1 · ε3K1 · ε2 + cyclic)2
− i k1 0k2 0k3 0 σabCaCb
]
exp
(
iF ij
3∑
s=1
ks iks j
2ks 0
)
. (4.116)
The right-hand side of this expression is equal to the 3-point amplitude for (incoming)
gravitons on a plane wave spacetime (4.65).
The result of this calculation can be succinctly summarised as
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 =Mpw3 (h1, h2, h3) , (4.117)
whereMpw3 (h1, h2, h3) is the 3-point amplitude for graviton scattering on a sandwich
plane wave metric. This demonstrates that the type II ambitwistor string encodes
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the correct interactions for gravity on non-trivial backgrounds in a practical way: the
3-point amplitude is obtained as a worldsheet correlation function with no reference
whatsoever to a spacetime action or Lagrangian. Furthermore, the correct linearised
external states are automatically encoded by the ambitwistor string’s BRST coho-
mology.
4.2.2 Heterotic model on a gauge field plane wave back-
ground
Plane wave gauge fields are the gauge theory analogues of plane wave metrics. The
class of such background gauge fields we consider here are the highly symmetric solu-
tions of the Yang-Mills equations valued in the Cartan of the gauge group, which we
discussed in chapter 2.2.2. As such, they are consistent backgrounds for the heterotic
ambitwistor string. Like gravitational plane waves, all of the higher curvature invari-
ants (e.g., F 2, F 3) of a plane wave gauge field vanish, which makes them candidate
solutions to the gauge sector of the equations of motion of heterotic or type I string
theory, although (to our knowledge) this fact has not been explored in the literature.
Unlike conventional string theory on a gauge field background, we saw in chap-
ter 3.1 that the heterotic ambitwistor string remains a free worldsheet CFT. To keep
this chapter self-contained, we briefly consider the quantisation of the heterotic am-
bitwistor string on a plane wave gauge field background and derive the fixed gluon
vertex operator. We then go on to calculate the descended picture vertex operator
and compute the 3-point functions explicitly. Once more, we find that the 3-point
correlation functions on the Riemann sphere reproduce the known results for 3-point
gluon scattering on a plane wave gauge theory background.
4.2.2.1 Worldsheet model and vertex operators
On a plane wave gauge field background, the heterotic ambitwistor string is anomaly
free, up to a conformal anomaly which can be eliminated with an appropriate choice
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of gauge group and is, in any case, irrelevant for our purposes at genus zero. The
currents G and H of the heterotic ambitwistor string, given by (3.10) and (3.12), take
the form
G = Ψµ Πµ −Ψu xb A˙ab ja , (4.118)
H = ηµσ Πµ Πν − 2Πv xb A˙ab ja + 2Ψb Ψu A˙ab ja . (4.119)
Note that there are no terms proportional to worldsheet derivatives in H, since the
background gauge field obeys ∂µAµ = 0 in Brinkmann gauge.
Equipped with the explicit BRST operator Q and the free worldsheet OPEs,
we can investigate the vertex operators in the BRST cohomology. We restrict our
attention to vertex operators in the NS sector which should correspond to small
perturbations of the background gauge field (i.e., gluons). Such vertex operators can
appear with picture number −1 or zero. We know the fixed vertex operator from
equation (3.30) to be
V = c c¯ δ(γ) Ψµ aaµ j
a , (4.120)
where we chose aaµ to obey av = 0 as in chapter 4.1.1.5. Note that although the
background gauge field is valued in the Cartan subalgebra, this vertex operator carries
generic colour charge with respect to the gauge group.
As shown in 3.2.1.1, the Q-closure of (4.120) enforces the Lorenz gauge condi-
tion (3.33) and the linearised Yang-Mills equations (3.34). In plane wave backgrounds,
the relevant OPEs simplify and take the explicit form
G(z) Ψµaaµj
a(w) ∼ − ∂
µaaµ j
a
(z − w)2 +
1
z − w (· · · ) (4.121)
and
H(z) Ψµaaµj
a(w) ∼ Ψ
µ ja
(z − w)2
[
∂σ∂
σaaµ + 2f
abc xb A˙bb ∂va
c
µ
+2f abc δuµ A˙
c b abb
]
+
1
z − w (· · · ) . (4.122)
107
The resulting vanishing conditions agree with the corresponding equations found in
chapter 4.1.1.5, in particular (4.39).
One can now ask for an explicit representative of aµ analogous to a momentum
eigenstate in flat space. Such a wavefunction can be obtained from the gauge-covariant
spin raising process acting on solutions to the charged wave equation on the plane
wave background as described in chapter 4.1.1. Recall that the key ingredient is the
function (4.33)
φ˜k = k0 v + (ka + eAa) x
a +
f(u)
2 k0
,
where (k0, ka) are d − 1 constants parametrising the momenta, e is the charge of
the gluon with respect to the background gauge field under the Cartan of the gauge
group, and
f(u) :=
∫ u
ds (ka + eAa(s)) (k
a + eAa(s)) ,
as defined in (4.34). Note that Aa is not gauge-invariant: the addition of a constant
preserves the field strength. We take an in-state representation for which Aa = 0 in
the in-region of the sandwich plane wave (i.e., u < u1) but Aa 6= 0 as u→ +∞ even
though the field strength vanishes in the out region.
In chapter 4.1.1.5 the gluon aµ is then constructed from φ˜k as:
aaµ = T
a ε˜µ e
i φ˜k , (4.123)
with the generator Ta of the gauge group encoding the colour charge, and the polar-
isation given by equation (4.41):
ε˜µdX
µ = ˜a
(
dxa +
1
k0
(ka + eAa)du
)
Here, ˜a is a constant vector in d−2 dimensions, encoding the polarisation information.
In equation (4.35) the natural local null momentum associated with the gluon is given
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as
Kµ dX
µ := −ie−iφ˜k Dµ eiφ˜k dXµ
= k0 dv +
1
2 k0
(ka + eAa)(k
a + eAa)du+ (ka + eAa)dx
a . (4.124)
It is straightforward to verify that ηµσKµε˜σ = η
µσKµKσ = 0.
The descended gluon vertex operator (i.e. the picture number zero version of V )
can be obtained by isolating contributions to the simple pole between G and V or
equivalently by linearising the constraint H. The resulting vertex operator is given
by (3.36), which takes the following explicit form in this case:
c c¯ U = c c¯ ja
[
Πσ a
aσ −Ψσ Ψµ ∂σaaµ − f abc xa A˙ba Ψu Ψµ acµ
]
(4.125)
Unlike the descended graviton vertex operator on a plane wave metric (4.101), this
gluon vertex operator contains only one additional term relative to its flat space
counterpart. The third term, proportional to A˙a, ensures that the resulting operator
is covariant with respect to the background gauge field.
4.2.2.2 3-point function
The fixed and descended vertex operators can now be used to compute the 3-point
correlation function on the Riemann sphere,
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 , (4.126)
using (4.123) for an explicit representation of the incoming gluon. In order for the
colour structure to produce a non-vanishing result, the sum of charges for the vertex
operators under the background gauge field must vanish: e1 + e2 + e3 = 0.
The ghost and current algebra portions of the correlator are easily evaluated,
leaving an effective correlator:
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 = tr (T1T2T3) z23 z31√
dz1 dz2 dz3
×
〈
Ψ · ε˜1(z1) Ψ · ε˜2(z2) (Π · ε˜3 −Ψ · K3 Ψ · ε˜3) (z3) ei(φ˜1+φ˜2+φ˜3)
〉ΨΨ
ΠX
. (4.127)
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The remaining correlator does not contain any insertions of Πu (since ε˜
u = 0) so all
u-dependence is immediately reduced to zero modes. This means that there are no
Wick contractions into the u-dependent components of momenta K or polarisations
ε˜, or into the u-dependent terms appearing in the exponential through φ˜k. Since the
u-dependence is totally relegated to zero mode integrations, the remaining fermion
correlator can be seen to have the exact same structure as the 3-point function in flat
space (cf. [48]).
With this in mind, it is easy to see that the remaining correlation function is
reduced to:
2i tr (T1T2T3) δ
d−1
(
3∑
r=1
kr
)∫
du [ε˜1 · ε˜3 K1 · ε˜2 + cyclic] exp
(
i
3∑
r=1
fr(u)
2 kr 0
)
,
(4.128)
with the d−1 delta functions emerging after performing the zero mode integrals over
v and xa. As expected, this is precisely the 3-point amplitude for gluon scattering on
a gauge field plane wave background (4.76):
〈V1(z1)V2(z2) c(z3)c¯(z3)U3(z3)〉 = Apw3 (a1, a2, a3) . (4.129)
So the heterotic ambitwistor string correctly encodes the interactions of gauge the-
ory on a curved background, with the appropriate linear perturbations (i.e., gluons)
emerging from the worldsheet BRST cohomology.
4.2.3 Discussion
The work of [77] showed that ambitwistor strings can be consistently defined on a
type II supergravity background. This suggested that it might be possible to calculate
amplitudes on such backgrounds following an extension of the flat space strategy. In
the first part of this chapter, we have seen that this does indeed turn out to be the
case on a plane wave background at three points. In chapter 3.1, we analogously saw
that the heterotic ambitwistor string is consistent on Yang-Mills backgrounds. In the
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second part of this chapter, we have found the corresponding result for amplitudes:
Non-abelian gluon scattering can correctly be computed from this model on plane
wave gauge field backgrounds. The results are all checked against the three point
amplitudes on plane wave backgrounds as computed in chapter 4.1 and [3].
There are many further directions to explore. The first perhaps is to go to higher
numbers of points. The computations of [3] were limited to three points because
the propagator would be needed at four points, and that was not available in simple
enough form. In terms of the ambitwistor string in flat spacetime, the new phe-
nomenon at four points is the appearance of integrated vertex operators. These
incorporate the scattering equations. To take the calculations in this chapter to four
points we will therefore need to introduce some analogue of scattering equations on a
curved background. If this is successful, they will effectively encode the propagators.
Another natural direction to consider is other backgrounds, such as (anti-) de
Sitter, or black-hole or brane spacetimes. These offer different challenges, with more
sophisticated global issues to be addressed already in the spacetime version of the
calculations. In the (anti-) de Sitter case, the background is not actually a vacuum
solution with respect to the equations of motion arising in the RNS-like formulation
of the ambitwistor string used here. Ostensibly, AdS backgrounds would require
a manifestly supersymmetric worldsheet model, such as the pure spinor formalism,
where the scalar curvature of the background (times a compact space) is supported
by Ramond-Ramond flux. While there has been some progress in describing the pure
spinor ambitwistor string on such backgrounds (cf. [65, 116, 123]), there is currently
no formulation which is quantum mechanically consistent as a worldsheet theory. If
these issues could be resolved, then it would enable computations akin to the ones
performed in this chapter on (A)dS background geometries.
A further direction is to take more seriously the fact that ambitwistor strings
have target ambitwistor space. We should therefore construct the corresponding
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ambitwistor spaces more explicitly for the curved backgrounds under consideration.
We must then learn how to quantise ambitwistor strings for amplitude calculations
in such backgrounds.
A key theme of [3] was the extent to which the double copy relationship between
gravity and Yang-Mills amplitudes, as expressed for example in colour kinematics
duality [10], survives in curved space. The answer was that this is indeed the case with
suitable modifications. However, the curved space formulation of ambitwistor strings
in [77] was not expressed in such a way that the double copy is apparent. Finding
a version of the ambitwistor string which manifests the double copy relationship on
a curved background would provide further evidence that colour kinematics duality
persists in a useful way on non-trivial backgrounds.
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Chapter 5
Conclusions
In this thesis we have demonstrated how some of the modern techniques of the am-
plitudes program can be carried over into curved backgrounds.
Ambitwistor strings share many of the nice properties of more conventional string
theories, however without the additional complication of α′ corrections. On curved
backgrounds this difference makes itself felt in a particularly nice way: the exact back-
ground equations of motion are imposed by quantum consistency conditions for the
heterotic and type II ambitwistor string. In even more stark contrast to conventional
string theory, heterotic and type II ambitwistor strings remain free CFTs on curved
backgrounds (see chapter 3.1 and [77]). It would be intriguing to verify analogous
results for the other ambitwistor string models present in the literature [49–51].
The only case in which vertex operators for conventional strings on a curved
background have been obtained is for AdS3 [165–167]. The fact that ambitwistor
strings remain free theories on curved backgrounds has made it possible to write
down fixed vertex operators for arbitrary gauge theory and supergravity backgrounds.
These vertex operators are BRST closed if and only if they correspond to linear
on-shell perturbations of the background fields as shown in chapter 3.2. A clear
open question is to determine the corresponding integrated vertex operators. From a
practical point of view, they are simply necessary for calculating correlators for more
than three points. However more importantly, integrated ambitwistor string vertex
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operators encode the scattering equations [48]. It is completely unclear if and how
they manifest themselves in curved backgrounds.
In view of the previous paragraph, it is maybe not too surprising that there are
no string theory calculations of curved background three point functions yet1. Such
calculations for three gluon vertex operators on a sandwich plane wave gauge back-
ground in the heterotic ambitwistor string and three graviton vertex operators on a
sandwich plane wave Einstein gravity background in the type II model have been per-
formed in chapter 4.2. In keeping with the spirit of the flat space ambitwistor string,
these correlators are shown to agree with the corresponding amplitudes2 obtained
from QFT calculations in these curved backgrounds. Several natural questions arise
at this point: Can these correlators be calculated for a higher number of points (this
ties in with the problem in the previous paragraph) and if yes, do they still yield tree
level amplitudes (this ties in with the open question in the next paragraph). There
is a considerable amount of work on ambitwistor strings at loop level [52–59], can
these results be useful for the type II model in this context? Another interesting
problem is to consider different backgrounds. Despite the exceptional simplicity of
plane waves, the explicit calculations in this chapter are by no means short. So other
backgrounds will have to be sufficiently simple to admit explicit solutions for on-shell
external states and render calculations feasible. Given that there are no general am-
plitudes formulae on curved backgrounds, proving that this model yields amplitudes
on arbitrary backgrounds seems like very high hanging fruit at this point.
Due to their simplicity, (sandwich) plane waves have been a popular playground
for quantum field theory in curved backgrounds and it was known that scattering
of scalars is well defined [132, 133]. In chapter 4.1, we generalised this result to
gluons and gravitons making use of a twistor theory inspired spin raising formula.
1Several exceptions and their limitations have been pointed out in footnote 9 on page 94.
2Here the use of the word amplitude is appropriate due to the special nature of the sandwich
plane wave background. See chapter 4.1.1 for details.
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This then allowed us to compute the corresponding three point amplitudes on these
backgrounds. It is subsequently shown that a suitably adapted version of the double
copy still works for three points on sandwich plane wave backgrounds. One can
optimistically conjecture that this prescription will also hold at a higher number of
points. To test this conjecture, one needs to calculate the corresponding n-point
amplitudes on a plane wave background, which requires explicit and manageable
expressions for the gluon and graviton propagators. A Feynman gauge version of
the gluon propagator along with a preliminary investigation of the colour kinematics
duality on plane waves will appear shortly [181]3. Another obvious direction for
future research is the generalisation of the double copy prescription to other curved
backgrounds, with the same caveat about calculational feasibility as in the previous
paragraph.
The work presented here is a small piece of the puzzle leading to a better under-
standing of perturbative quantum field theory. It provides a first pillar for the bridge
between the flat space QFT [8–11] and classical incarnation [28–37] of the double
copy. Both yield very surprising results and their relation and true origin is not fully
understood. It also strengthens the role of ambitwistor strings as a simplified testing
ground for string theory, something that has previously been explored in [49,68–70].
It might pave the way to further insight into the nature and origin of the scattering
equations and CHY formulae [45–47] by leading towards an understanding on generic
backgrounds.
These and the many other results of the amplitudes community, as well as all the
non-perturbative QFT results of the recent years, suggest that it still is a long path
to a thorough understanding of quantum field theories. I am confident that scattering
amplitudes will keep providing many fascinating and important insights along this
way.
3A Feynman gauge graviton propagator is known to the authors of said paper as well.
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Appendix A
Usefull current algebra identities
Recall that for a level k current algebra, the OPE between two currents is simply
given by equation (2.29)
ja(z)jb(w) ∼ kδ
ab
(z − w)2 +
f abcjc(w)
z − w .
To obtain the anomalies (3.19), we need to know the OPE between a current and a
normal ordered product of two currents. From the current algebra OPE, one finds
ja(z) : jbjc : (w) ∼ kf
abc
(z − w)3 +
kδabjc(w)
(z − w)2 +
kδacjb(w)
(z − w)2
+
f abdfdceje(w)
(z − w)2 +
f acd : jbjd : (w)
z − w +
f abd : jdjc : (w)
z − w , (A.1)
which can be derived following steps similar to those of the Sugawara construction as
described in [182].
Identity (3.18) also plays a crucial role in determining the anolmalies (3.19), how-
ever it is difficult to obtain directly form the current algebra OPE. To derive
: jajb : (z)− : jbja : (z) = f abc∂jc(z) ,
we use the notation from chatper 11 of [182]: Given the usual mode expansion
ja(z) =
∑
n
z−n−1jan , (A.2)
the derivative of the current has modes
∂jam = −(m+ 1)jam . (A.3)
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Furthermore, the current algebra OPE1 is equivalent to
[
jam, j
b
n
]
= f abcjcm+n (A.4)
and normal ordered products can be expanded as : jajb : (z) =
∑
m,k z
−m−k−2 : jamj
b
k :
with
: janj
b
m : = j
a
nj
b
m − θ(n)f abcjcm+n (A.5)
θ(n) =
{
1 n ≥ 0
0 n < 0
. (A.6)
Then we can define ∆ab =: jajb : (z)− : jbja : (z) and expanding this into modes,
taking into account that we can only shift summation variables in normal ordered
expressions, yields
∆abn = f
abcjcn
∑
m
(1− θ(m)− θ(n−m)) (A.7)
= f abc∂jcn (A.8)
as expected.
1Here we set k = 0, it is easy to convince yourself that this does not affect the resulting identity
using a symmetry argument.
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Appendix B
Linearised supergravity equations
In this appendix, we provide some details of the linearisation of the supergravity
equations (2.46)
0 = R + 4∇µ∇µΦ− 4∇µΦ∇µΦ− 1
12
H2
0 = Rµν + 2∇µ∇νΦ− 1
4
HµρσHν
ρσ
0 = ∇κHκµν − 2Hκµν∇κΦ .
The linearised supergravity equations are obtained by perturbing these equations with
respect to all three background fields and combining the corresponding linear terms
in the scalar, symmetric and antisymmetric equation respectively. We will derive the
individual contributions from all three sectors of the spectrum here. It is then easy
to see that their sums agree with equations (3.79) – (3.81).
B.1 Metric perturbation
Recall that we are considering a trace free graviton perturbation hµν of the background
metric in modified de Donder gauge ∇µhµν = 2hµν∂µΦ. This yields the following
linear perturbations of the curvature
δRµν = −1
2
(
2hµν − 2Rµαβνhαβ −Rλµhλν −Rλνhµλ
)
+ 2∇(ν
(
hσµ)∂σΦ
)
(B.1)
δR = −hµνRµν + 4hρσ∂ρΦ ∂σΦ + 2hσµ∇µ∂σΦ (B.2)
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as well as the perturbation
δ
(∇κHκµν) = −hρκ∇ρHκµν − 2 (∇ρhσ[µ)H ρσν] − 2Hαµνhαλ∂λΦ . (B.3)
Using these equations, it is straight forward to obtain the perturbations of (2.46).
We find the following first order expressions
δ
(
Rµν − 1
4
H ρσµ Hνρσ + 2∇µ∂νΦ
)
= −1
2
(
2hµν − 2Rµαβνhαβ −Rλµhλν −Rλνhµλ
)
+
1
2
HµκλHνρ
λhκρ + hµσ∇ν∂σΦ + hνσ∇µ∂σΦ +∇σhµν∂σΦ
(B.4)
δ (∇κHκµν − 2Hκµν∂κΦ) = −hρκ∇ρHκµν − 2
(∇ρhσ[µ)H ρσν] (B.5)
for the tensorial equations and their scalar counterpart
δ
(
R + 42Φ− 4(∂Φ)2 − 1
12
H2
)
= −hµν
(
Rµν + 2∇µ∂νΦ− 1
4
H ρσµ Hνρσ
)
, (B.6)
which is proportional to the symmetric term in (2.46) and therefore vanishes identi-
cally on supergravity backgrounds.
B.2 B-field perturbation
The usual convention for the field strength of the B-field is
Hµασ = ∂µBασ + ∂αBσµ + ∂σBµα (B.7)
and we denoted the linearised version (db)µασ = ∂µbασ + ∂αbσµ + ∂σbµα. Then the
linearisation of (2.46) with respect to the B-field in the gauge ∇µbµν = 2bµν∂µΦ is
δ
(
R + 42Φ− 4(∂Φ)2 − 1
12
H2
)
=− 1
6
H · db (B.8)
δ
(
Rµν − 1
4
H ρσµ Hνρσ + 2∇µ∂νΦ
)
=− 1
2
Hρσ(µdbν)ρσ (B.9)
δ (∇κHκµν − 2Hκµν∂κΦ) =2bµν − 2Rλµνρbλρ + 2Rσ [µbν]σ
− 2∂κΦ∇κbµν + 4bα[µ∇ν]∂αΦ .
(B.10)
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B.3 Dilaton perturbation
The linearisation of (2.46) with respect to the dilaton field is straight forward and
yields
δ
(
R + 42Φ− 4(∂Φ)2 − 1
12
H2
)
= 42ϕ− 8∂µΦ ∂µϕ (B.11)
δ
(
Rµν − 1
4
H ρσµ Hνρσ + 2∇µ∂νΦ
)
= 2∇µ∂νϕ (B.12)
δ (∇κHκµν − 2Hκµν∂κΦ) = −2Hκµν∂κϕ . (B.13)
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Appendix C
Classical S-matrix & Tree level
integrands
This appendix reviews the notion of classical S-matrix which is used throughout
chapter 4.1, as well as providing a precise definition for the tree level integrand. On
a sandwich plane wave background (for either gauge theory or gravity), the tree level
S-matrix for a theory encodes the evolution of asymptotic free states from the in-
region of the spacetime (i.e., u < u1) through the non-trivial, or radiation region
(u1 ≤ u ≤ u2), to the out-region (u > u2) as governed by the classical theory.
C.1 Classical S-matrix
Rather than work out the curved space Feynman rules, we use a definition of the
classical S-matrix in which tree level amplitudes are given by extracting certain multi-
linear pieces of the classical action evaluated on a perturbative solution to the non-
linear equations [183–185]. In general this has the interpretation of the field-theoretic
Hamilton-Jacobi generating function for the evolution and gives the tree level contri-
bution to the S-matrix. For the 3-point calculations in chapter 4.1, there is no need
to iterate the perturbative solution, but here we present the general framework.
Let S[Φ] be the classical action, a functional of some fields Φ which is defined on
the sandwich plane wave background (gravitational or gauge theoretic – at this stage
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it makes no difference). We assume that this action takes the generic form:
S[Φ] =
∫
ddX (Lkin + Lint) , (C.1)
where Lkin is the kinetic portion of the action, which is quadratic in Φ and governs
the free theory, and Lint contains all higher-point interactions.
Define the following object:
Φ[n](X) :=
n∑
i=1
i ϕi(X) +
∫
ddY ∆(X, Y )
δLint
δΦ
∣∣∣∣
Φ=
∑n
j=1 jϕj(Y )
. (C.2)
This is essentially an integral form of the full non-linear equations from the action
S with data given by the first term on the right hand side. Here, the {i} are n
parameters that will eventually be thought of as infinitesimal; {ϕi} are n solutions to
the free equations of motion of Lkin with specified asymptotic behaviour; and ∆(X, Y )
is a Green’s function defined by Lkin. There are precise formulae for various useful
definitions of this ∆(X, Y ) (e.g., advanced, retarded, Feynman) in scalar, gauge, and
gravitational theories on plane wave backgrounds [132,141], though we will not make
explicit use of them here. Specifying the asymptotic behaviour of the free solution ϕi
boils down to saying whether it looks like an ‘in’ or ‘out’ state.
Both the in- and out-regions are flat, so asymptotically free states ϕi should look
like free states in Minkowski space in at least one of these regions. In a momentum
space representation, such free states in Minkowski space are modelled on massless
plane wave momentum eigenstates, ei k·X for k2 = 0. Unlike Minkowski space, in the
sandwich plane wave a state which looks like ei k·X in the in-region will not look like
ei k·X in the out-region. This is a consequence of the ‘memory’ relations (2.59), (2.73).
Hence, the specification of asymptotic behaviour for ϕi boils down to stating whether
it is an incoming or outgoing state, denoted respectively as ϕ−i or ϕ
+
i . An incoming
state is one which looks like a free solution in Minkowski space the in-region; an out
state looks like a free solution in Minkowski space in the out-region. More precisely,
ϕ−i |in ∼ ei k·X ∼ ϕ+i |out , (C.3)
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for both the gravitational and gauge theory backgrounds.
The n-point tree level scattering amplitude for the states {ϕi} – with their given
asymptotic configuration of in and out states – is then a multi-linear piece of the
classical action:
M (0)n (ϕ1, . . . , ϕn) =
∂nS[Φ[n]]
∂1 · · · ∂n
∣∣∣∣
1=···=n=0
. (C.4)
For flat backgrounds, this agrees with the usual definition of the S-matrix and would
also correspond with a Feynman diagram definition for sandwich plane waves.
C.2 Tree level integrands
For the purposes of investigating the double copy, a notion of tree level integrand
closely related to the tree level amplitude is useful. Indeed, it is actually this tree
level integrand that appears in the KLT relations of the standard double copy. From
the definition (C.4) it is straightforward to see that the tree level scattering amplitude
will always take the form:
M (0)n =
∫
ddXMn(X)
n∏
i=1
fi(X) , (C.5)
where each of the fi(X) is a solution to the free scalar wave equation on the plane
wave background. The object Mn is defined to be the tree level integrand; generi-
cally, it will be formed of polarisations, momenta and propagators and depends on
the background geometry. It captures everything that is encoded by the kinematic
numerators and denominators which would result from a conventional Feynman di-
agram approach. In more heuristic terms, the tree level integrand is what remains
after removing the final integral that forms the action functional in (C.4), along with
‘universal’ spin-independent functions.
In Minkowski space, it is easy to see that
n∏
i=1
fi(X) = e
i(k1+···+kn)·X ,
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so the effect of isolating Mn is to strip off an overall momentum conserving delta
function. On non-trivial backgrounds such as the sandwich plane wave, the result
of the final ddX integrals is more complicated, but the principle is the same: Mn
contains all of the information which one could expect to be ‘squared’ in taking the
double copy. Another interesting property of the integrand is that it is functionally
independent of the asymptotic conditions of the states being scattered. This enables
the investigation of the double copy by considering the computationally simplest
configuration of incoming and outgoing states.
Clearly, there is a sense in which the tree level integrand is not a gauge-invariant
object, just as one can add boundary terms to an action. This lack of gauge invariance
is analogous to the statement that individual Feynman diagrams – or individual terms
contributing to (C.4) – are not gauge invariant. However, once a gauge for performing
perturbative calculations has been fixed (i.e., specific linearised solutions {ϕi} and
a Green’s function ∆(X, Y ) have been consistently chosen), the object Mn is well-
defined. In our calculations, we always work in a Lorenz or de Donder gauge, so
the resulting expressions for the integrand should be viewed as expressions in these
particular gauges. Their integrals, however, do not depend on the gauge choice.
Throughout chapter 4, the tree level integrand for theories on the gravitational
plane wave background is denoted by Mn, and the tree level integrand for theories
on the gauge theory plane wave background by An. After performing the integration,
we denote the actual amplitudes on these backgrounds byMpwn and Apwn respectively.
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Appendix D
The impulsive plane wave
For both gauge theory and gravitational sandwich plane waves, the computation of
3-point amplitudes (rather than integrands) boils down to performing integrations
that depend on the particulars of the background geometry. In this appendix, we
consider the simplest concrete example of a sandwich plane wave: the impulsive
plane wave [186–190]. Impulsive plane waves correspond to gluing two flat regions
together along an infinitesimal burst of radiation; in other words, the radiation region
of the sandwich plane wave has delta function support. In the case of the impulsive
gauge theory background, the scalar and gluon 3-point amplitudes can be computed
in closed form. For the impulsive gravitational background, the 3-point amplitudes
can be written in terms of integrals which are suitable to numerical approximation.
D.1 Gauge theory background
For an impulsive gauge theory plane wave, we have
A˙a(u) = δ(u) aa , (D.1)
for aa a set of d − 2 constants which characterise the impulsive wave. Using the
asymptotic conditions (4.36), it follows that
A−a (u) = Θ(u) aa , A
+
a (u) = −Θ(−u) aa , (D.2)
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where Θ(u) is the Heaviside step function. Proceeding from (4.70) it is a straight-
forward calculation to obtain the 3-point amplitudes of charged scalars on this back-
ground. The results for the two independent configurations – all incoming or two
incoming and one outgoing – are given by:
M3(Φ
−
1 ,Φ
−
2 ,Φ
−
3 ) =
λ
6
δd−1
(
3∑
r=1
kr
)( 3∑
s=1
k2s
2 ks 0
)−1
−
(
3∑
s=1
k2s + 2esk
a
saa + e
2
sa
2
2 ks 0
)−1 , (D.3)
and
M3(Φ
−
1 ,Φ
−
2 ,Φ
+
3 ) =
λ
6
δd−1
(
3∑
r=1
kr
) (k23 − 2e3ka3aa + e23a2
2 k3 0
+
∑
s=1,2
k2s
2 ks 0
)−1
−
(
k23
2 k0 3
+
∑
s=1,2
k2s + 2esk
a
saa + e
2
sa
2
2 ks 0
)−1 , (D.4)
where k2s := ks ak
a
s for any s = 1, 2, 3.
The 3-point amplitudes for gluons on the impulsive gauge theory background
follow similarly from (4.76). A calculation leads to:
M3(a
−
1 , a
−
2 , a
−
3 ) = 2 g δ
d−1
(
3∑
r=1
kr
)( 3∑
s=1
k2s
2 ks 0
)−1
F ({kt, ˜t})
−
(
3∑
s=1
k2s + 2esk
a
saa + e
2
sa
2
2 ks 0
)−1(
F ({kt, ˜t})− aa
(
˜1 · ˜3
k2 0
˜2 a(e2k1 0 − e1k2 0)
+
˜1 · ˜2
k3 0
˜3 a(e3k2 0 − e2k3 0) + ˜2 · ˜3
k1 0
˜1 a(e1k3 0 − e3k1 0)
))]
, (D.5)
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and
M3(a
−
1 , a
−
2 , a
+
3 ) = 2 g δ
d−1
(
3∑
r=1
kr
) (k23 − 2e3ka3aa + e23a2
2 k3 0
+
∑
s=1,2
k2s
2 ks 0
)−1
×
(
F ({kt, ˜t}) + e3 aa
(
k2 0
k3 0
˜1 · ˜2 ˜3 a − ˜2 · ˜3 ˜1 a
))
−
(
k23
2 k0 3
+
∑
s=1,2
k2s + 2esk
a
saa + e
2
sa
2
2 ks 0
)−1 (
F ({kt, ˜t})
− aa
(
˜1 · ˜3
k2 0
˜2 a(e2k1 0 − e1k2 0) −e2 ˜1 · ˜2 ˜3 a + e1 k3 0
k1 0
˜2 · ˜3 ˜1 a
))]
, (D.6)
where the function F of the kinematic data is defined by (4.82).
In each of these expressions a Hartle-Hawking contour deformation is used to
dampen rapidly oscillating contributions to the u-integrations near u = ±∞. This is
the same as the prescription on Minkowski space, and corresponds to selecting the
physical vacuum.
D.2 Gravitational background
For an impulsive gravitational wave, the non-trivial metric component H(u,x) in
Brinkmann coordinates has delta function support:
H(u,x) = δ(u)Hab x
a xb , (D.7)
with Hab a trace-free and constant (d − 2) × (d − 2) matrix. Assuming that Hab is
corank zero with distinct eigenvalues, it can be diagonalised using rotations in the
xa-plane. So without loss of generality, we take
Hab = λ(a) δab ,
d−2∑
a=1
λ(a) = 0 . (D.8)
The vielbein Eai must solve the equation
E¨a i = λ(a) δab δ(u)E
b
i , (D.9)
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subject to incoming or outgoing boundary conditions (4.6). In each case, one finds
E−a i = δai
(
1 + uλ(a) Θ(u)
)
, E+a i = δai
(
1− uλ(a) Θ(−u)
)
, (D.10)
so the transverse metric γij(u) is given in incoming or outgoing coordinates by:
γ−ij (u) = δij
(
1 + uλ(i) Θ(u)
)2
, γ+ij (u) = δij
(
1− uλ(i) Θ(−u)
)2
, (D.11)
where λ(i) is identified with λ(a) using δ
i
a. This demonstrates that the impulsive
gravitational wave is two copies of Minkowski space glued together along a single
pulse of gravitational radiation. While the metrics (D.11) are continuous across the
pulse at u = 0, they have discontinuous first derivatives.
To compute 3-point amplitudes, it is also important to have the inverse vielbeins:
Ei−a = δ
i
a
(
1 + uλ(a) Θ(u)
)−1
, Ei+a = δ
i
a
(
1− uλ(a) Θ(−u)
)−1
, (D.12)
leading to expressions for F ij± (u):
F ij− (u) =
u δij
1 + uλ(i) Θ(u)
, (D.13a)
F ij+ (u) =
u δij
1− uλ(i) Θ(−u) . (D.13b)
So in both cases F ij(u) gets an infinite series of O(u2) corrections upon crossing the
pulse at u = 0.
Even at the level of scalar amplitudes, the situation on the gravitational back-
ground is more complicated than on the gauge theory background. Unlike (D.3)–
(D.4), on the impulsive gravitational wave (relatively) compact expressions for the
u-integrations are not available. Instead, we find explicit expressions which could be
evaluated (numerically or possibly analytically) when the momenta and eigenvalues
{λ(a)} are specified. For instance, one finds:
M3(Φ
−
1 ,Φ
−
2 ,Φ
−
3 ) =
λ i
6
δd−1
(
3∑
r=1
kr
) ( 3∑
s=1
k2s
2 ks 0
)−1
+i
∞+i∫
0
du
d−2∏
a=1
(1 + uλ(a))
− 1
2 exp
(
iu
3∑
s=1
d−2∑
i=1
k2s i
2ks 0 (1 + uλ(i))
) , (D.14)
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for the all-incoming configuration.
The expression for the two-incoming, one-outgoing configuration is similarly given
in terms of u-integrals over the in- and out-regions:
M3(Φ
−
1 ,Φ
−
2 ,Φ
+
3 ) = −
λ
6
√
(2 pii)d−2
kd−23 0
δ
(
3∑
r=1
kr 0
)
×
 0∫
−∞−i
du∏d−2
a=1
√
λ(a)
exp
(
− i
2 k3 0
JaJb(A
−1)ab + i
3∑
s=1
ks iks j
2 ks 0
F ijs
)
+
∞+i∫
0
du
d−2∏
a=1
(λ(a) + uλ
2
(a))
− 1
2 exp
(
− i
2 k3 0
JaJb(A
−1)ab + i
3∑
s=1
ks iks j
2 ks 0
F ijs
) .
(D.15)
Here, the F ijs (u) are given by (D.13), while
Aab(u) =
−λ(a) δab
1 + |u|λ(a) , (D.16)
and
Ja(u) =
k1 a + k2 a + k3 a + uλ(a)(k3 a Θ(u)− (k1 a + k2 a) Θ(−u))
1 + |u|λ(a) . (D.17)
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